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SOLUTIONS OCTOBER 2020

PROBLEMS FOR 3ESO, 4ESO AND HIGH SCHOOL. AUTHOR: MARIO MESTRE. INS "PONT DE SUERT". 14-
18 YEARS

October 1: Find k so that the roots of 3x2+5x-k=0 are differentiated into two units.

Solution: Let's remember Vieta's formulas: If x; and x, are the solutions of ax? + bx + ¢ = 0 then:

b c
S=X1+X2=—g P=x1-x2=a
In our case we will have:
5 —3~ 2 11 1
S=x1+x1+2=2x1+2=—§ =>x, = > =—% =>X2=X1+2=—?+2=€
And finally:
11 1 11 11
P=xe=—gg="3="3 2 k=x

October 2: Find the values of m that make
mx?2 - (m + 3)x + 2=0
have two opposite real roots

Solution: If x; and x; are the roots of the polynomial and are opposite:

S=0=— > m=-3
m

October 3: Calculate p and q so that the roots of x2+px+q=0 are D and 1-D, where D is the discriminant
of the equation.

Solution: We will have that D = p2 — 4q. Therefore, the roots of the polynomial must be
X; =p?—4q; x, =1+ 4q— p?
Applying the Vieta formulas:
1=S=x+x,=—p =2 p=—-1 = x;=1-4q; X, =4q

q=0
X;1°X, =q=(1-4q)-4q = { _i
1= 16

Therefore (p, q) €{(-1, 0); (-1, 3/16)}

October 5: Let the equation be x?>+px+q=0. Find p and q so that p and q are the solutions of the equation.

Solution: We will have when applying the Vieta formulas:
f=p+q=—p
P=p-q=q
From the second equation:
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-1 =0 o (170
a-p-1D=0= {127

And substituting in the first one: If q =0, thenp=0.If p=1, then g =-2.
The solutions are: (p, q) €{(0, 0); (1, -2)}

October 6: If r and s are the solutions of the equation x2-17x+13 = 0, calculate the value of r3 + s3
Solution: We have, if S=r+sand P =r:s:
r+s)®=r3+3r’s+3rs?+s3 = r3+s3=83-3.P-S
Applying the Vieta formulas:
S=r+s=17;, P=r-s=13
From where:

r’+s3=83-3.-P-S=173-3-17-13 = 4250

October 7: If a and b are the roots of x>-2x-143 = 0, find the value of
1 1
a'b

Solution: We have, if S=a + b and P = a-b what:

1+1 b+a_S
a b a-b P

Applying the Vieta formulas:

And, at last:

October 8-9: Let P(x) = (x+1)-(x-8) + m.

a) Are there values of m for which P(x) > 0 ¥xeR?>.
b) Are there values of m for which P(x) < 0 VxeR?.
c) Ifaand b are the roots of P (x), find m so that a?+b?=1.

Solution: We have:
P(x) = (x+1)-(x-8)+m =x2—7x—8 + m

Therefore, its graphical representation is a parabola directed upwards, since its main coefficient is
positive, with vertex (minimum of the graph)

_—b 7 _(7+1) (7 8>+ _ 81+
T T2 W 2 m=TyTm
a) The polynomial will be positive if the y of the vertex is positive, that is, iff

81+ >0 >81
—— @ JR—
4 M m-=7
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b) There are no values of m for which P(x) < 0 ¥xelR, since the parabola is directed upwards

(for any value of m) and therefore there are positive values of the parabola (for any value
of m).

c) IfS=a+bandP=a-b, we have:
(@a+b)2=a?+2ab+b?> = a?+b?2=S52-2P
For Vieta formulae: S =7 and P =m — 8. Therefore:

1=a?+b?=S2-2P=72-2m+16 = m=32

October 10: If oo and B are the roots of:
0 =x%—4x + 22
calculate the value of
ad+ o+ o+ B3+ B+ B
Solution: If S=a + B and P = a3, we have:
(a+B)?=a?+20B+PB% = oa?+p%2=(a+pB)?—2ap =S?—-2P
(a+B)* =+ 3B+ 3ap? + B3 = o+ % = (a+ B)® — 3aB(a+ B) = S* — 3PS
G+al+a+B+p2+B=S>—-3PS+S?—2P+S=43-3-4-22-2-224+4=-224

October 12-13: Let the polynomial be given:

Px)=x3+x—m

and a, b and cits roots. Find m for that

Solution: First, let us note that (*) implies that a, b and c are non-zero (if any root is, it would not make
sense to divide by it). And by the last formula of Vieta we will have m # 0 (since m = abc)
We have:
ab+bc+ac b<1+1+1) (1+1+1) 1
—+—+—= & abce S = *ok
c a'p ™ pz) =™ b2 (x+)

Let's consider the polynomial in t: Q (t) = P (1/t). Let's find the roots of Q (t) = 0. Being P (x) = (x - @)
- (x-b) - (x-c), we have:

=) () (=0 = et

But:
=M0=PC>_l+l—m—_mﬁ+ﬁ+1 & mtP+t?+1=0
t/ ot t3
And, applying the Vieta formulas to this polynomial, we have

1 1 1 1
—tot-=—
a b ¢ m



Page 4 of 11

1 1 1
ab The a0
1 1
abc  m
At last, given (**):
(2
1 1 1 ==
G*s+d) =1 T 1 1 111

= — J— J— 2 —_ — -
+ +c + (ab+ac+bc>

$=1+2-0=1 = m=+1
Octoberl4: If o and 3 are the solutions of x2- 9x - 70 = 0, calculate the value of |a — B|
Solution: We are asked to calculate:

la =Bl = +/(a=B)? = +yo2 + B2 — 2B (%)
By the Vieta formulas, we have:

S=a+B=9;, P=a-f=-70

And how:

=92
2 _
(a+B) _{=a2+62+2a[3
We have:
a?+p2=92-2-(-70)=221

Finally, in (*):

la — Bl = +4/221—2-(=70) = 19

October 15: If r and s are the solutions of equation:
0 = x>+ 2020x + 2019
calculate the value of
r(1-r)+s(1-s)
Solution: WE have:
r(1-r)+s(1—-s)=—=(@2+s?)+r+s ()
From the Vieta formulas:
S=r+s=-2020; rs=2019

And, since:

— (_ 2
(r+s)? = {‘ ¢ 102201 , =12 452 = (=2020)% — 2 - 2019 = 4076362
=T S Irs
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For last, in (*)

r(1-r)+s(1—-s)=—-@?+s?)+r+s=-4076362 — 2020 = —4078382

October 16-17: Solve the system:

X+ y+ z+ t = 2
xy+ xz+ Xxt+ yz+zt+yt =-7
Xyz+ xyt+ Xxzt+ yzt = -8

xyzt = 12

Solution: Solving the above system is equivalent to solving
ut*+bud+cu?+du+e=0
fulfilling the coefficients
sum of solutions of the equation=-b =2
sum of products of two solutions of the equation=c=-7
sum of products of three solutions of the equation=-d=-8
product of the four solutions of the equation = e =12.
The resulting equation is:
ut—2u*—7u*+8u+12=0

Solve for Ruffini:

1 -2 -7 8 12
-1 -1 3 4 -12
1 -3 4 12 0
-2 -2 10 -12
1 -5 6 0
2 2 -6
1 -3 0
With that:
u=-1
ut—2u-7ut+8u+12=0=w+1) - w+2)-w-2)-w-3) = ?1::_22
u=3

That is, the solutions of the system are (x, v, z, t) = (-1, -2, 2, 3) and the permutations of the numerical
vector

October 19: Let o and B the roots of the equation x?- 8x + 9 = 0.

(«~2) +(6-p)

Calculate:

2

Solution: We have:
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1\2 1\2 1 1 1 1
(a——) +( ——) =+ -2+f+=-2=(+p)+5+5—4
(04 (06

a B p? B
= (a? + B?) +—(O;2-!_£2)—4 ={a?+B% = (a+ B)? — 2ap}
= (a+B)2—2aB+(a+B)2_2aB—4

(XZ BZ
From the Vieta formulas:

a+pB=8 af=9
With what:

(“‘§>2+(3‘é>2=(a+B)2—2aB+(°‘+B)2_2°‘B—

4oy 9+82—2-9 4_3448
o2 2 B 92 -~ 81

October 20: Let s and r the solutions of the equation:
x%- 2020x + a®>—4040a + 4080400 = 0
Calculate a so that s-r is minimal
Solution: From the Vieta formulas:
s-r =a?—4040a+ 4080400 = (a — 2020)?

Therefore, s-r will be minimal when a = 2020.

October 21: Calculate a? + b% + ¢ where a, b and c are the solutions of the equation:
3x3-2x*+5x—-7=0

Solution: From the Vieta formulas we have:

a+b+c=§; ab+ac+bc=§; abc=§
But:
_(22_4
(a+b+c)? = - §> 9 .
=a2+b2+c2+2(ab+bc+ac)=a2+b2+c2+2-§
:a2+b2+c2=—§

Therefore, the polynomial has two opposite complex roots and a real root.

October 22-23: Let a, b and c the roots of the equation:

0=2x3-x2+3x-1

Find the equation with roots

_ a+1 o b+1 o c+1
“a+2(+c)’ B_b+2(a+c)'n_c+2(a+b)

a

Solution: We have:
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_ a+1 _ a+1 _a+l a4+l
O(_a+2(b+c)_2(z;1+b+c)—z;1_21_ 1-a
>—a

_ b+1 b+l b+l b+l
_b+2(a+c)_2(a+b+c)—b_21_b_1—b
2

c+1 c+1 c+1 c+1
r]:c+2(a+b) :2(a+b+c)—c:21_cz 1-c
2
Therefore, the relationship between the roots of the given equation and the one requested is:
x+1
y= 1—x
Solving for x, we have:
y—1
y1-x)=14x =2 y—1=x+yx=x(1+Yy) :>x=y+—1

And substituting in the original equation:

y—1\° (y—1) y—1
0=2( )—( ) 3(—)—1:---:33—52 —_7=0
y+1 y+1 + y+1 y yoty

October 24: Obtain Vieta’s formulas for third degree polynomials
Solution: We have, if x1, x> and x3 are the roots of ax3 + bx? +cx + d = 0:
ax3+bx?+cex+d=a(x—x;)  (x—%,) - (x—x%3) =a- (x% — x;X — XX + X;X,) * (X — X3)

= a(x3® — x;X% — X,X% + X XX — X3X? + X X3X + X5X3X — X1X5X3)
= ax® + a(—x; — X, — X3)x% + a(X; X, + X1 X3 + X3X;)X — a(X;X,X3)

Equating coefficients:
b
b:_a(X1+X2+X3) = X1+X2+X3:_5

c
c=a(x:X, + X1X3 + X3X5) = XXy + X;X3 + X3X, = —
a

d
d = —a(x;x,%3) = X;XpX3 = —

October 26: Obtain Vieta’s formulas for a polynomial of degree four
Solution: We have, if x1, X2, X3 and x4 are the roots of ax* + bx® +cx? + dx + e = O:

ax*+bx3+cx?+dx+e=a(x—x;) - (x—x,) - (x—x3) - (X — %)
=a- (X% — XX — XX + X1X5) * (X% — X3X — X4X + X3X4) *
= a(x? — x;x3 — x,x3 + X %,%X% — X3X3 + X1 X3X? + XpX3X? — X XpX3X — XgX°
+ X1 X4 X2 4 XpXg X2 — X1 XXX + X3X4X% — X X3XgX — XpX3X,X + X1 XpX3X,)
= ax* + a(—x; — X, — X3 — X)X> + a(X; X, + X1 X3 + XX + XpX3 + XX, + X3X,)X?
— a(X1X,X3 + XXXy + X1 X3X, + X3X3X,) + a(X1X5X3X,)
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Equating coefficients:
b
b=—-a(x; +x, + X3 + x4) = X1+X2+X3+X4=—5

c
c=a(x;X, +X1X3 + X1X4 + XpX3 + XXy + X3Xy) = XXy + X X3 + XXy + X5X3 + XpX, + XXy = —
a

d

d = —a(xX;X,X3 + XXXy + X1 X3Xs + X5X3Xs) = X X5X3 + X XpX, + X X3Xy + XpX3Xy = ——
e
e = a(X1X2X3X4) = X1X2X3X4 - -
a

October 27-28: Let f(x) = (x2+ 10x + 25)101° - 3x + 2 and ri for ie{1, 2, ..., 2020} its roots. Calculate:
2020

z (r; + 5)2020
i=1
Solution: We have:

0=f(r) = @2+ 10r; + 25)1°° — 31, + 2 = (r; + 5)2°20 - 3r; + 2 = (r; + 5)2°20 = 3r; — 2

Therefore:

2020 2020
Z (r; + 5)2020 =3 Z r;—2-2020 = 35S — 4040
i=1 i=1

To calculate S we develop f (x) and apply the Vieta formulas:

ZQfO)an9.54_n“ - s::_s.(ZQEO)::—loloo

f(x) = (x + 5)220 — 3x + 2 = %20 + (
Finally:
2020
Z (r; + 5)2°2° = 35 — 4040 = 3 - (—10100) — 4040 = —34340

i=1

October 29: Find three numbers whose sum is 6, the sum of their squares 38, and the sum of their cubes
144

Solution: It asks to solve the system:

a+b+c=6
a’ +b?+c? =238
a3 +b3+c3 =144
But:

62—
(z:1+b+c)2={_6 =36

=a%? +b?+c?+2(@ab +ac+bc) =38+ 2(ab + ac + bc)
Thenifa+b+c=6:

a?+b?+c?=38 & ab+tac+bc= -1
But:

=63 =216

+b+ 3={
(a <) = a3 4+ b3 + ¢3 + 3ac? + 3bc? + 3cb? + 3ab? + 3ca® 4+ 3ba? + 6abc
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=63 =216
3 _
(a+b+C) —{: a3+b3+C3+3C2(a+b)+3b2(c+a)+3a2(c+b)+6abc
=63 =216
3 _
(@a+b+c¢) —{z a® + b3 + 3 + 3c¢2(S— c) + 3b%(S — b) + 3a%(S — a) + 6abc

— 63 =216
+b+ 3={
(a " =12 23 1 b 4 3 — 3¢3 4+ 3625 — 3b% 4 3b2S — 333 + 3a2S + 6abe

=6 =216
3 _
(@a+b+0) _{=a3+b3+c3—3c3—3b3—3a3+3S(C2+b2+32)+6abC
=63 =216
3 —
(@+b+0) —{= —2(c3 + b3 + a3) +3S(c? + b2 + a?) + 6abc

Therefore, ifa+b+c=6and if a2 + b2 + c? =38:
a®+b3+c3=144 o abc=-30

In short, by the formulas of Vieta:

atb+c=6 atb+c=6
a’ +b%+c?2=238 & ab+4+ac+bc= -1 & x2-6x2—x+30=0
a®+b3+c3 =144 abc = —30

And solving for Ruffini:
1 -6 -1 30
-2 -2 16 -30

1 -8 15 0
3 3 -15

1 -5 0
0=x3-6x2—x+30=(x+2)(x—-3)(x—-05)

Then the numbers searched are -2, 3 and 5 (in any order)

October 30: Let the polynomial be:

P(x) = x3- mx?+3mx-m
and a, b and c its roots. Find m for that a3+ b3+ ¢3> -5
Solution: We have:

(@a+b+c)3=a%+b3+c3+ 3ac? + 3bc? + 3cb? + 3ab? + 3ca? + 3ba? + 6abc
=a®+b3+c3+3c%?(a+b) +3b%(c+a) + 3a%(c + b) + 6abc
= a®>+b3+c3+3c?(S—c) +3b%(S—b) +3a%(S—a) + 6abc = a®> + b3 + ¢3
—3c3 + 3c?S — 3b3 + 3b2S — 3a + 3a%S + 6abc = a® + b3 + 3 — 3¢3 — 3b3 — 3a3
+3(@@+b+c)(c? +b? +a?) + 6abc
=-2(c3+b3+a%) +3@+b+c)(c? +b? +a?) + 6abc

From where:
2(c3+b3+a%) =—(G@+b+c)®+3@+Db+c)(c? +b? +a?) + 6abc
But:
(@ +b* +c?®)=(@+b+c)?—2(ab+ac+bc)
With what:
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2(c3+b*+a%)=—(a+b+c)*+3(@+b+c)((@a+b+c)? —2(ab+ac + bc)) + 6abc =
=—(@+b+c)®*+3@+b+c)®*—6(a+b+c)ab+ac+ bc) + 6abc
=2(@+b+c)®—-6(a+b+c)ab+ac+ bc) + 6abc

And therefore:
(c3+b3+a%) =(@+b+c)®>—-3@@+Db+c)(ab+ ac + bc) + 3abc
From the Vieta formulas:
a+b+c=m; ab+ac+bc=3m; abc=m
With that:
—5<a+b¥+ct=m®*-3m-3m+3m; M -9m?+3m+5>0
(m—-1DM?>-8m+5)>0; me]4—+21;1[U]4+V21; oo

October 31: Solve the equation:
(ax - b)?2+ (bx - a)2 =x
knowing that it has an integer root and that a, beZ
Solution: We have:
Motto: In the context of the statement:
a=b=0siix=0

=X

= We have: (O'X—0)2+(0'X—0)2={_0
2 _ _
& We have: O=x=(a-O—b)2+(b-0—a)2=(—b)2+(—a)2=b2+a2=>{b2_0:>b_0
ac=0=>a=0

Note: Note that if a# 0 or b # 0 and x; is the integer root of the equation in the statement, then x1 > 0,
since:

(aXl - b)z 2 0
(bx; —a)2 >0

But if x; = 0 then, by the motto a=b =0 againstthata= 00 b #0.

} =>x; =(ax; —b)? + (bx; —a)?2 >0

Demonstration: Let the equation:

(ax—b)?+ (bx—a)? =x (%)
with a or b or both not null, then developing and grouping, we have:
(@® +b?)x? — (1 +4ab)x+a2+b? =0

Let x1 (€Z) and x; the roots of the equation. Since both are real, the discriminant of the equation is non-
negative. Therefore:

0 < (4ab + 1)? — 4(a% + b?)? = (2a% + 2b? + 4ab + 1)(4ab + 1 — 2a%? — 2b?)
=2G@+Db)?+1)(1-2(-Db)?

And how 2(a + b)? + 1 > 0, we have:
1-2(@—=-b)?>0 = 1>2(a—b)>?>0(a,b€Z) =(@—-b)2=0=2a=b

with which the equation (*) remains:
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2a’x? — (4a? + 1)x+2a2 =0
By the formulas of Vieta:

N 4a' + 1 - 1

X +Xy =—F/——= —

1o 2a? 2a?

X, X, = 1 (nota) X,y X, son ambas positivas

Then:

1 1
X1 < X1 +Xp =2+ﬁ< 3 (puesﬁ< 1yaquea€Z)
What's more x1 # 1, since if x; =1
0=2a?-(4a®+1)+2a?= —1 absurd!
Then:

2<x,<3 > x,=2 = X =~ (yaquex; -x, =1)

Then the solutions of the equation are:
a=b=0 = x=0

1
a#z0o0b#0 = x; =2, x2=§



