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SOLUTIONS OCTOBER 2021 

 
PROBLEMS OF THE CANADIAN MATHEMATICAL OLYMPIAD: 1974, 1975, 1976. OME PREPARATION. 
(http://cms.math.ca/Competitions/CMO/) ORGANIZATION AND SOLUTIONS: Rafael Martínez Calafat. Retired 
teacher. 

 

October 1-2: (1).- If 𝐱 = (𝟏 +
𝟏

𝐧
)
𝐧

 and 𝐲 = (𝟏 +
𝟏

𝐧
)
𝐧+𝟏

 to compare xy which yx.  (2).- Prove that, for every positive 

integer n: 

12 – 22 + 32 – 42 + ··· +(- 1)n ·(n – 1)2 + (- 1)n+1· n2 = (- 1)n+1 ·(1 + 2 + ··· + n) 

Solution: For (1), we have: For some particular values of n we obtain that xy = yx. So we try to prove the equality 

of the two expressions for any value of n.  

xy = [(1 +
1

n
)
n

]

(1+
1
n)
n+1

= (
n + 1

n
)
n·(

n+1
n )

n+1

= (
n + 1

n
)

(n+1)n+1

nn

 

𝑦𝑥 = [(1 +
1

𝑛
)
𝑛+1

]

(1+
1
𝑛)

𝑛

= (
𝑛 + 1

𝑛
)
(𝑛+1)·(

𝑛+1
𝑛 )

𝑛

= (
𝑛 + 1

𝑛
)

(𝑛+1)𝑛+1

𝑛𝑛

 

the two expressions coincide, since the same base raised to the same exponent is obtained. 

For (2) we will use induction on n. In more detail, we will prove that the formula is true for n = 1 and n = 2, we 

will assume that the formula is true for n – 1, and we will prove it for n + 1. 

For n = 1, we have: 

12 = 1 =  (− 1)1+1 · 1 

For n = 2, we have: 

12 − 22 = 1 − 4 = −3 = (−1) · 3 = (−1)2+1 · (1 + 2) 

Suppose the formula is true for n – 1: 

12 − 22 + 32 +···· +(−1)n · (n − 1)2 = (−1)n · (1 + 2 + 3 +··· +(n − 1)) 

and let's see it for n + 1: 

12 − 22 + 32 +···· +(−1)n · (n − 1)2 + (−1)n+1n2 + (−1)n+2(n + 1)2 = 

= 12 − 22 + 32 +···· +(−1)n · (n − 1)2 + (−1)n+1n2 + (−1)n+2(n2 + 2n + 1) = 

= 12 − 22 + 32 +···· +(−1)n · (n − 1)2 + (−1)n+1n2 + (−1)n+1(−n2 − 2n − 1) = 

12 − 22 + 32 +···· +(−1)n · (n − 1)2 + (−1)n+1n2 − (−1)n+1n2 + (−1)n+1(−2n− 1) = 

= 12 − 22 + 32 +···· +(−1)n · (n − 1)2 + (−1)n+1(−2n− 1) = {
hypothesis of
induction

} = 

= (−1)n(1 + 2 + 3 +··· +(n − 1)) + (−1)n(2n + 1) = 

= (−1)n(1 + 2 + 3 +··· +(n − 1) + n + (n + 1)) = (−1)n+2(1 + 2 + 3 +··· +n + (n + 1)) 

 

http://cms.math.ca/Competitions/CMO/
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October 4-5: Let n be a fixed positive integer. To any choice of n real numbers satisfying 0  xi  1 (i{1, 2, .. ,n}) 
we associate the sum: 

(∗)𝒏 = ∑ |𝐱𝐢 − 𝐱𝐣| = |𝐱𝟏 − 𝐱𝟐| + |𝐱𝟏 − 𝐱𝟑| + ⋯+ |𝐱𝟏 − 𝐱𝐧|

𝟏≤𝐢<𝐣≤𝐧

+ |𝐱𝟐 − 𝐱𝟑|+ . . +|𝐱𝟐 − 𝐱𝐧|+. . . +|𝐱𝐧−𝟏 − 𝐱𝐧| 

Find the largest possible value of this sum. 

Solution: Note that (*)n is a kind of measure of dispersion of the real numbers {xi}i=1
n . Let's see how to get that 

maximum sum. If we have two points, the maximum sum is reached with: 

x1 = 0;  x2 = 1;    (∗)2 = |x1 − x2| = 1 

If we have three points, the maximum sum is reached with: 

x1 = 0;  x2 = 1; x3 = 0    (∗)3 = |x1 − x2| + |x1 − x3| + (∗)2 = 1 + 0 + 1 = 2 

If we have four points, the maximum sum is reached with: 

x1 = 0;  x2 = 1; x3 = 0; x4 = 1     (∗)4 = |x1 − x2| + |x1 − x3| + |x1 − x4| + (∗)3 = 1 + 0 + 1 + 2 = 4 

If we have five points, the maximum sum is reached with: 

x1 = 0; x2 = 1; x3 = 0; x4 = 1; x5 = 0     (∗)5 = |x1 − x2| + |x1 − x3| + |x1 − x4| + |x1 − x5|+(∗)4
= 1 + 0 + 1 + 0 + 4 = 6 

It is observed that: 

(∗)n = |x1 − x2| + |x1 − x3| +··· +|x1 − xn| + (∗)n−1;   (∗)2 = 1; (∗)3 = 2; (∗)4 = 4; (∗)5 = 6;  ···· 

And how: 

|x1 − x2| + |x1 − x3| +··· +|x1 − xn| = [
n

2
] 

where [ ·] is the integer part function, we have: 

(∗)n = [
n

2
] + (∗)n−1;      con (∗)2 = 1 

 

October 6: Simplify: 

√
1 · 2 · 4 + 2 · 4 · 8 +·· +n · 2n · 4n

1 · 3 · 9 + 2 · 6 · 18 +·· +n · 3n · 9n

3

 

  
Solution: We have: 

√
1 · 2 · 4 + 2 · 4 · 8 +·· +n · 2n · 4n

1 · 3 · 9 + 2 · 6 · 18 +·· +n · 3n · 9n

3

= (
1 · 2 · 4 + 2 · 4 · 8 +·· +n · 2n · 4n

1 · 3 · 9 + 2 · 6 · 18 +·· +n · 3n · 9n
)

1
3⁄

= {

each addend of the numerator
 contains the factor 23

each sum of the denominator
 contains the factor 33

} = (
23(1 + 23 + 33 +·· +n3)

33(1 + 23 + 33 +·· +n3)
)

1
3⁄

= (
23

33
)

1
3⁄

=
2

3
 

 

October 7-8: A function y = f(x) is said to be periodic if there exists a positive real number p such that f(x + p) = f(x) 

for all x. For example, y = sin x is periodic of period 2. Is the function periodic: 

y = sen (x2)? 
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Prove your claim. 

 

Solution: If a function is periodic, there is a part of its graph that repeats indefinitely both to the right and to the 

left.: 

 

The graph of y = sin x is periodic, of period 2 

 

Since x2 gets very large as x gets large, y = sin x2 will mean that the sine wave will get tighter as we move to the 

right or to the left (apart from the fact that the graph would be that of an even function). That is, the graph of 

the function y = sin x2  will be of the type: 

 

Which makes it impossible for it to be a periodic function. To prove it we will assume that it is periodic and we 

will arrive at an absurdity. Let p be the period of y = sin x2. Then: 

sen(x + p)2 = senx2    ∀x 

Giving x the value 0: 

senp2 = sen0 = 0  ⇒   p2 = kπ  for some k ∈ ℕ  ⇒   p = √kπ  for some  k ∈ ℕ 

we will have then: 

sen(x + √kπ)
2
= senx2    ∀x 

and now we look for some value of x for which the left part of the previous equal to different from the right part. 

we will have, doing x = √
kπ

2
 

sen(√
kπ

2
+ √kπ)

2

= {
= sen [(1 + √2)

2 kπ

2
]                   

= sen (
kπ

2
) = {

1 si k = 1,3,5,···
0 si k = 2,4,6,···

 

but: 

5 < (1 + √2)
2
< 6 
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from where: 

5
kπ

2
< (1 + √2)

2 kπ

2
< 3kπ 

so that: 

 

sen [(1 + √2)
2 kπ

2
] ≠ {sen

5kπ

2
= {

1 si k = 1,3,5,···
0 si k = 2,4,6,···

sen3kπ = 0                             

 

that contradicts 

sen [(1 + √2)
2 kπ

2
] = {

1
0

 

 

October 9: A succession a1, a2, a3, ······ meets that 

(1) a1 = ½  
(2) a1 + a2 + ·· + an= n2·an, for any n.  

Determine the value of an. 

Solution: We have: 

a1 + a2 + ···  +an−1 + an = n
2an                

a1 + a2 + ···  +an−1           = (n − 1)
2an−1

 

and subtracting both expressions: 

an(n
2 − 1) = (n − 1)2an−1  ⇒⏞

n≠1

  an =
n − 1

n + 1
an−1   

from where: 

an =
n − 1

n + 1
an−1 =

n − 1

n + 1
·
n − 2

n
an−2 =

n − 1

n + 1
·
n − 2

n
·
n − 3

n − 1
an−3 = ···· =

n − 1

n + 1
·
n − 2

n
·
n − 3

n − 1
· ···· ·

1

3
a1

=
n − 1

n + 1
·
n − 2

n
·
n − 3

n − 1
· ···· ·

1

3
·
1

2
=
(n − 1)!

(n + 1)!
=

1

n(n + 1)
 

 

 

October 11: Let A, B, C and D be four consecutive points on a circle 
and P, Q, R and S be the midpoints of the arcs AB, BC, CD and DA. 

prove that PR ⊥ QS. 

  

Previous lemma: If P is an 
interior point of the circle, the 
interior angle is defined as the 

angle APB = CPD.  

In the context of the above 
definition: 

α =
AB̂ + DĈ

2
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Motto Proof: 

 

Let us consider the triangle PCD. In it we have: 

α + ∠D + ∠C = 180°  ⇒   α +
CÂ

2
+
BD̂

2
= 180° 

2α + CÂ + BD̂ = 360° = CÂ + AB̂ + BD̂ + DC ̂ ⇒  α =
AB̂ + DĈ

2
 

Solution: 

 

We must prove that  = 90. From the previous lemma: 

η =
QR̂ + SP̂

2
=
QĈ + CR̂ + SÂ + AP̂

2

=

β
2
+
δ
2
+
360° − (α + β + δ)

2
+
α
2

2
=
180°

2
= 90° 

 

October 12-13: For each real r, is defined: 

[r] = max {zℤ | z  r} 

(e. g. [6] = 6; [] = 3; [-1,5] = -2)). Plot in the (x, y) plane the set of points: 

[x]2 + [y]2 = 4 

Solution: From the definition of [r] we have that its graph is: 
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Therefore: 

 

With this, the x-y plane is partitioned into squares. In each square we have calculated [𝑥]2 + [𝑦]2 
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Therefore, what is requested in the statement is: 

 

 

October 14: Given four weights that are in arithmetic progression and a two-beam balance, show how to find the 
largest weight using the balance only twice. 

Solution: To be: 

a;   ar;   ar2;   ar3 

the weights with r > 1 (and so the weights are growing).  

Given the four weights, we separate them into two groups of two weights each. 

A. We put one pair of weights on one pan and the other pair of weights on the other pan. The pair of weights 
that contains the weight with r raised to 3 is the heavier of the two groups. 

B. Locating the pair that contains the weight with r raised to the cube, we put each of the two weights on 
the pans of the balance. The largest weight is the one on the lowest pan. 

We will prove, now, the affirmation exposed in A: When making the two groups of two weights, there are three 
possibilities: 

   

 

We have to prove that r > 1: 

A − 1:   r2 + r3 > 1 + r
A − 2:   r3 + r >  r2 + 1
A − 3:   r3 + 1 > r2 + r

 

We have, for A-1: 
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r > 1  ⇒ {
(∗) r2 > r

(∗∗)  r3 > 1
}   ⇒   𝐫𝟑 + 𝐫𝟐 > 𝐫 + 𝟏 

(*) Multiplying each member of the inequality r > 1, by r (>0) 

(**) Multiplying by r2 (>0) the inequality r > 1: r3 > r2 >1 

For A-2: Multiplying by r2+1 (>0) the inequality r > 1: 

r(r2 + 1) =  𝐫𝟑 + 𝐫 > 𝐫𝟐 + 𝟏 

For A-3:  

 

From the attached graph, we have, (which for r > 1), r2 − r + 1 > r. 
Multiplying each member of this inequality by r + 1 (>0), we have: 

(r + 1) · (r2 − r + 1) = 𝐫𝟑 + 𝟏 > 𝐫𝟐 + 𝐫 = (r + 1) · r 

 

October 15-16: Given a circle of diameter AB and a point X different from 
A and B, let tA, tB and tX be the tangents to the circle at A, B and X. Let Z be 
the intersection of AX with tB and Y be the intersection of BX with tA . Prove 
that the three lines AB, tX and ZY are concurrent or parallel.. 

 

Solution: 

 

We choose the reference system so that the 
horizontal axis is the line AB and the vertical axis 
is parallel to tA through the midpoint of the 
segment AB. In this case, we have: 

A(−a, 0);     B(a, 0);   x2 + y2 = a2  

X(α, β)  ⇒   α2 + β2 = a2 (−a ≠ α ≠ a) 

tA ≡ x = −a;   tB ≡ x = a 
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tX: 

x2 + y2 = a2    ⇒   2x + 2yy′ = 0  ⇒ y′ = −
x

y
  ⇒   y′|(α,β) = −

α

β
 

tX ≡ y − y0 = −
α

β
(x − x0)  ≡   𝐲 = −

𝛂

𝛃
(𝐱 − 𝛂) + 𝛃 

AX 

A(−a, 0)

X(α, β)
}   ⇒  

y − 0

x + a
=
β − 0

α + a
  ⇒   𝐲 =

𝛃

𝛂 + 𝐚
(𝐱 + 𝐚) 

Z = tB  AX 

AX ≡   y =
β

α + a
(x + a) ≡ {tB ≡ x = a} y =

2βa

α + a
  ⇒   𝐙 (𝐚,

𝟐𝛃𝐚

𝛂 + 𝐚
) 

BX 

B(a, 0)

X(α, β)
}   ⇒  

y − 0

x − a
=
β − 0

α − a
  ⇒   𝐲 =

𝛃

𝛂 − 𝐚
(𝐱 − 𝐚) 

Y = tX  BX 

BX ≡   y =
β

α − a
(x − a) ≡ {tA ≡ x = −a} y =

−2βa

α + a
  ⇒   𝐘 (−𝐚,

𝟐𝛃𝐚

𝐚 − 𝛂
) 

YZ 

Z (a,
2βa

α + a
)

Y (−a,
2βa

a − α
)

}   ⇒  
y −

2βa
α + a

x − a
=

2βa
a − α −

2βa
α + a

−2a
  ⇒   𝐲 =

𝟐𝛃𝛂

𝛂𝟐 − 𝐚𝟐
(𝐱 − 𝐚) +

𝟐𝛃𝐚

𝛂 + 𝐚
 

C = YZ  tX 

 

YZ ≡ y =
2βα

α2 − a2
(x − a) +

2βa

α + a
  ,    𝑡𝑋 ≡ y = −

α

β
(x − α) + β 

2βα

α2 − a2
(x − a) +

2βa

α + a
= −

α

β
(x − α) + β ··· (recordar α2 + β2 = a2) ···· ⇒ x =

a2

α
 (α ≠ 0) 

y = −
α

β
(
a2

α
− α)+ β = ··· = 0   ⇒   𝐭𝐗 ∩ 𝐀𝐁 ∩ 𝐘𝐙 = 𝐂(

𝐚𝟐

𝛂
,𝟎)  (𝛂 ≠ 𝟎) 

For the case  = 0 we have: 

𝐭𝐗 ≡ 𝐲 = 𝛃;      𝐘𝐙 ≡   𝐲 =
𝟐𝛃𝐚

𝐚
= 𝟐𝛃 

what are parallel lines 

 

October 18-19: We have an unlimited supply of 8 cent and 15 cent stamps. Some postage amounts cannot be 

obtained exactly, e. g. 7 cents or 29 cents. What is the largest quantity that cannot be obtained exactly, i. e. the 

amount of postage that is not exactly achievable, while all larger amounts are achievable? 

Solution: Let's imagine the following table: 
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In it, in each cell, is the result of performing the operation: 

8 · (starting number in the row) + 1 · (starting number in the column) 

The table, prepared in this way, contains the values of n for which 

the equation 8x + 15y = n has a solution, that is, the exact postages 

that can be generated with 8-cent and 15-cent stamps. The table has 

the following properties: 

• If a number n is in a cell, in the cell immediately below it is the number n + 8 and the cell to the left of the 

first contains the number n + 15, since  

n = 8x + 15y  ⇒   {
n + 8 = 8(x + 1) + 15y

n + 15 = 8x + 15(y + 1)
 

• Since 15=2 8 – 1 (=16 – 1) we will have that, if n is in a cell, one cell to the left and two cells below it is in 

number n + 1 and so on 

 

n = 8x + 15y ⇒  n + 1 = 8(x + 2) + 15(y − 1) ⇒ n + 2 = 8(x + 4) + 15(y − 2)   

 

• If we call coordinates of a cell to the position of the cell as in a matrix, we define diagonal associated to a 

number located in the first row (1,k) to the cells located in the table and in the positions: (1, k); (3, k-1); 

(5, k-2); ··· ; (2k-1, 1) 

 
• Let us consider the cell of coordinates (1, k) (coefficient of 8 = 0, coefficient of 15 = k – 1) and we demand 

that it be in number n: 

n = 15 · (k − 1)  

• We also require that all the cells of the associated diagonal be in the table and that the associated diagonal 

end in column 1. That is, we can go down 14 cells and move to the left k – 1 cells ending at position (2k – 

1, k–1). In that cell will be the number n + 7 (k = 8  coefficient of 8 = 14, coefficient of 15 = 0)  

n + 7 = 14 · 8  ⇒   n = 105 
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The number n – 8 will not be in the table, since its coordinates fall outside the table. And also in the table will be 
all the numbers after n – 8 (= 105 – 8). That is, it will be missing in number 97 and there will be all those after 97. 
The answer to the statement is number 97. 

 

Note: The values of n for which there is no solution in 8x + 15y = n can be obtained by filling in the described table 
and analysing the results 

 

 

October 20-27: Let be given a circle and AB one of its diameters. Let C be a fixed point on AB and Q be a variable 
point on the circumference of the circle. Let P be a point on the line determined by Q and C for which: 

𝐀𝐂
𝐂𝐁⁄ = 𝐐𝐂 𝐂𝐏⁄  

Describe the geometric locus of point P 
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Solution: 

 

Let's draw the described situation.  

Let k be the constant of proportionality between AC and 
CB: 

 

1

k
=
AC

CB
(=

λ

λk
) =

QC

CP
 

 

We are asked for the locus of the points P by letting Q 
describe the circle of diameter AB. Since C is held fixed, if 
endpoint Q of segment QP describes a circle, endpoint P 
of segment QP also describes a circle. Furthermore, since 
C is in a diameter of the circle of diameter AB, a diameter 
of the circle drawn by P is also in the line that generates 
the segment AB. Making Q coincide with A and with B we 
will have the diameter of the circumference that 
describes P 

 

If Q → A then P → B. Since B is a point on the circumference described by P 

If Q → B then P → P’ where P' is a point on the straight line passing through AB that satisfies: 

CP′ = k · CB = k · kλ = k2λ 

 

That is, if R is the radius of the circumference described by the point P we have: 

2R = P′B = P′C + CB = k2λ + kλ = λk(k + 1)  ⇒   R =
λk(k + 1)

2
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October 21-22: 1.- Prove that if a number is rational, the decimal part, the integer part and the number cannot 
be in geometric progression. 

2.- Find a positive number such that its decimal part, its integer part and the number are in geometric progression 

Solution: For the first part we will proceed by reductio ad absurdum. Let e+p/q be the rational number and 
suppose that: 

p

q
, e, e +

p

q
 

 are in geometric progression. Then: 

e
p
q

=
e +

p
q

e
   (= r) 

simplify: 

eq

p
=
eq + p

qe
   ⇒   e2q2 = (eq + p)p  ⇒   e2q2 − epq − p2 = 0 

The last equation is a quadratic equation with respect to each of the unknowns: e, p and q, which must have 
integer solutions. For example, with respect to e, we have: 

e =
pq ± √p2q2 + 4p2q2

2q2
= 

{
 
 

 
 (1 + √5)p

2q

(1 − √5)

2q

 

with what: 

(1 ± √5)𝑝

2𝑞
∈ ℤ  ⇒   (1 ± √5) ∈ ℤ  ⇒   √5  ∈  ℤ 

which is absurd. 

For the second part, we represent by {x} the decimal part and by [x] the integer part. If {x}, [x] and x are in 
geometric progression, we will have: 
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[x]

{x}
=

x

[x]
  ⇒   

[x]

x − [x]
=

x

[x]
  ⇒   

1
x
[x]

− 1
=

x

[x]
 

If we do 

z =
x

[x]
 

the above equation becomes: 

1

z − 1
= z  ⇒   z2 − z − 1 = 0  ⇒   z =

1 ± √5

2
 

(we neglect the negative solution). Then if {x}, [x] and x are in geometric progression  

x

[x]
= φ =

1 + √5

2
  (∗∗∗) 

We are going to prove that if {x}, [x] and x are in geometric progression then [x] = 1. By reductio ad absurdum. 

If [x] = p  2, then: ({x}, p and x are in geometric progression) 

{x} · r =  p ≥ 2  ⇒   r ≥
2

{x}
> 2 

If r > 2:   

[x] · r = x > 2[x]   absurd! 

Finally, in (***) we have: 

 

x

[x]
=
𝑥

1
= x = φ =

1 + √5

2
 

Note: The only positive number x such that {x}, [x] and x are in geometric progression is the golden ratio:  

{φ} =
1 + √5

2
− 1 =

√5− 1

2
 

r =
1

√5− 1
2

=
√5 + 1

2
 

[φ] = 1 = {φ} · r 

φ =
1 + √5

2
=  [φ] · r 

 

October 23: Let n be a positive integer. Prove that if n is a power of 2 then n cannot be put as the sum of 

consecutive positive integers. 

Solution: By reductio ad absurdum. Let's suppose n = 2p whith p  0. If p = 0, we have n = 1 and 1 cannot be 
expressed as the sum of at least two consecutive positive integers. If p = 1, we have n = 2 and 2 cannot be put as 

the sum of at least two positive integers. Be then p  2. Let's suppose 2p is added from k ( 2) consecutive positive 
integers, then 

2p = (s + 1) + (s + 2) + ···  +(s + k) = ks + (1 + 2 + ···  +k) = ks +
k + 1

2
k =

2ks + k2 + k

2
 (∗) 
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So: 

0 = k2 + k(2s + 1) − 2p+1    con p ≥ 2 y k ≥ 2 

is a quadratic equation (with respect to k) with at least one integer solution greater than or equal to 2. By the 
Cardano-Vietà relations, we have: 

sum of solutions =  −(2s + 1)

solutions product =  −2p+1
 

That is, the sum of solutions is odd (therefore, one must be even and the other odd) and the product of solutions 
is a power of two and therefore the two solutions must be even (which contradicts that one is even and the other 
odd), since k = 1 is not a solution (if it were, we would have (*) 2p = 2p + 1) 

 

October 25-26: Suppose: 

n·(n+1)·an+1 = n·(n – 1)·an – (n – 2)·an – 1  (*) 

for every positive integer n  1. If a0 = 1 and a1 = 2, find: 

∑
𝐚𝐢
𝐚𝐢+𝟏

=
𝐚𝟎
𝐚𝟏
+
𝐚𝟏
𝐚𝟐
+··· +

𝐚𝟓𝟎
𝐚𝟓𝟏

𝟓𝟎

𝐢=𝟎

 

Solution: We have: 

n = 1  ⇒  1 · 2 · a2 = 1 · 0 · a1 − (1 − 2) · a0 = a0 = 1  ⇒   a2 =
1

2
 

n = 2  ⇒   3 · 2 · a3 = 2a2   ⇒   a3 =
1

3
a2 =

1

3 · 2
=
1

3!
 

n = 3  ⇒   4 · 3 · a4 = 3 · 2 · a3 − 𝑎2   ⇒   a4 =
1

4 · 3
(3 · 2 ·

1

3!
−
1

2
) =

1

4 · 3
(3 · 2 ·

1

3!
−
3

3!
)

=
1

4 · 3
(
3 · 2 − 3

3!
) =

1

4 · 3
·
3

3!
=
1

4!
 

n = 4  ⇒   5 · 4 · a5 = 4 · 3 · a4 − 2 · 𝑎3   ⇒   a5 =
1

5 · 4
(4 · 3 ·

1

4!
− 2

1

3!
) =

1

5 · 4
(4 · 3 ·

1

4!
−
2 · 4

4!
)

=
1

5 · 4
(
4 · 3 − 2 · 4

4!
) =

1

5 · 4
·
4

4!
=
1

5!
 

And it comes out as induction hypothesis 

an =
1

n!
 

Let's see if the recurring equation is fulfilled (*) 

n · (n + 1) · an+1 = n · (n + 1) ·
1

(n + 1)!
=

1

(n − 1)!
 

n · (n − 1) ·  an − (n − 2) · an−1 = n · (n − 1) ·
1

n!
− (n − 2) ·

1

(n − 1)!
=

1

(n − 2)!
−

n − 2

(n − 1)!

=
n − 1

(n − 1)!
−

n − 2

(n − 1)!
=

1

(n − 1)!
 

With this, we will have: 
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a0
a1
+
a1
a2
+
a2
a3
+ ···  +

a50
a51

=
1

2
+
2

1
2!

+

1
2!
1
3!

+ ···  +

1
50!
1
51!

=
1

2
+
4

1
+
3!

2!
+ ···  +

51!

50!
=
1

2
+ 4 + 3 + 4 + ···  +51

=
9

2
+ (3 + 4 + 5 + ···  +51) =

9

2
+
3 + 51

2
· 49 =

2655

2
 

 

 

October 28: Let ABCD be a rectangle with BC = 3·AB. Prove that if P and Q are points of BC with BP = PQ = QC, 
then: 

DBC + DPC = DQC 

Solution: We will have, drawing the situation described in the statement: 

 

We have to prove that  +  = 45 (since DQC = 45). 

From rectangle ABCD we build a 4x4 square. From it, we build the square BB’B’’B’’’ 

 

The blue angles are equal by internal alternating. The angles 
in green are equal as the yellow triangles are equal. 

We then have to  +  = 45 since B’’’B’ is the diagonal of 
square BB’B’’B’’’ 

 

October 29-30: Two seventh graders were allowed to play in a chess tournament for eighth graders. Each pair of 

participants played each other once and each participant received one point for winning each game, half for 

drawing, and zero points for losing. The two seventh graders received a total of eight points, and the eighth 

graders all received the same number of points. How many eighth grade students (at least) participated in the 

tournament? Is it the only solution? 
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Solution: If there are n eighth players, there are a total of n + 2 players in the tournament: Since each pair of 
players plays one game, there will have been C2

n+2 chess games. Since in each game a point is distributed between 
the two players, we will have that throughout the tournament they have been distributed 

(
n + 2
2

) =
(n + 2) · (n + 1)

2
 

points. Since the two seventh graders have obtained a total of 8 points, if each eighth grader obtains x points we 
will have the equation: 

 nx + 8 =
(n + 2) · (n + 1)

2
 ⇒  n2 + (3 − 2x)n − 14 = 0 ⇒  n =

2x − 3 ± √(3 − 2x)2 + 56

2
 

And since the equation must have at least one positive integer solution, it must be: 

(3 − 2x)2 + 56 

a perfect square (greater than √56 = 7,48… ..). Let's analyse the possible cases: 

(3 − 2x)2 + 56 =  82   ⇒   3 − 2x = ±√8   ⇒   x ∉  ℕ 

(3 − 2x)2 + 56 =  92   ⇒   3 − 2x = ±5  ⇒   {
x = −1  No                                               

𝐱 = 𝟒 ⇒ n =
5 ± 9

2
  ⇒ {

𝐧 = 𝟕          
n = −2  No

 
   

Then we already have a solution (the one with the lowest value of n): There are (n =) 7 eighth grade players and 
each of them has achieved 4 points in the tournament 

(3 − 2x)2 + 56 = 102   ⇒   3 − 2x = ±√44  ⇒   x ∉  ℕ 

(3 − 2x)2 + 56 = 112   ⇒   3 − 2x = ±√65  ⇒   x ∉  ℕ 

(3 − 2x)2 + 56 = 122   ⇒   3 − 2x = ±√88  ⇒   x ∉  ℕ 

(3 − 2x)2 + 56 = 132   ⇒   3 − 2x = ±√113   ⇒   x ∉  ℕ 

(3 − 2x)2 + 56 = 142   ⇒   3 − 2x = ±√140   ⇒   x ∉  ℕ 

(3 − 2x)2 + 56 = 152   ⇒   3 − 2x = ±13  ⇒   {
x = −5  No                                                          

𝐱 = 𝟖 ⇒ n =
5 ± 9

2
  ⇒ {

𝐧 = 𝟏𝟒         
n = −1  No

          
   

 

Then another solution appears: there are (n =) 14 eighth grade players and each of them has got 8 points in the 
tournament 

 
 


