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SOLUTIONS APRIL 2022

PROBLEMS WITH CALCULATOR CASIO fx-CG50. AUTHOR: RICARD PEIRO | ESTRUCH. IES “Abastos”.
Valéencia

April 1-2: Let be the sphere of equation E = x* + y? + z? — 2x +
6z = 0. Determine the coordinates of the center and the measure of
the radius. Check if the plan I =3x -2y +6z+ 1 =0 and the
sphere are secant. Determine the radius of the circle intersection
of E, II. Determine the center of the circle intersection of E, I1

Solution: We open the Menu Grdfico 3D. Let us represent the sphere and the plane:

[athRadNornl] [d/c](athi

d(c,Im) =

3:1-2-046(-3)+1]

32+ (—2)2 + 62
d(C,IH) =2 <R =10

That is, the plane and the sphere are secant.

Completing squares:

2
E=x—-1)%+y?+ (z+3)? = (V10)
The coordinates of the center

are C(1,0,—3) and the radius R = v'10.

To study the relative position of the plane
and the sphere, let us calculate the
distance from the center of the sphere to
the plane.

PN

L

Consider the intersection circumference of the sphere and the plane. Let O be the center of the circle. Let
be the section of the sphere passing through the center C and perpendicular to the plane. Let r = OM the
radius of the intersection circle.

A
Applying the Pythagorean theorem to the right triangle COM
r2 = (V10)' - 22=6 r=+6

CO0 =2,CM =10

To calculate the center of the intersection circle of E,M, let us determine the intersection of the line
perpendicular to N that passes through the center C(1,0,-3) of the sphere and the plane I1

The direction vector of the line perpendicular to the plane passing through C is the characteristic vector of
the planev = (3,-2,6).

Its vector equation is:
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r=xyz) =(1,0-3)+(3,-2,6)a
[E] [MathRad[Norml] [d7c]fa*bi

We open the Menu Grdfico 3D.
Let's draw the line r:

B MHathRadMorml [d7c](a*bi]

2: Plano i
: L
X K
With the function G-Solv determine the
intersection of the line r and the plane II. Z
X=1.8b671
¥Y=-0.571 L INTERSEC
Z=-1.28b-¢

-G

The center of the circle is:

P(1.8571,—0.571,—1.285)

Analytically, to calculate the intersection point, we will solve the system formed by the line r and the plane
I1.

:{2x+3y=2
r= 3y+z=-3
3x—2y+6z=-1
{ 2x+ 3y =2
3y+z=-3

We open the Menu Ecuacidn: We solve the system of linear equations formed by the line r and the plane II.

B HathRadfornd [d7c)a+hl B HathRadMornd) (dFe]fashl
an X+bn Y+Cn Z=dn
a

an X+bn Y+Cn Z=dn
c d

1 3 -2 ] -1 "l"|:-0-5'?1
2 2 3 0 2 ZL-1.285
3

0 3 1
13
-3 7
[SOLVE)PERARCLEARIEDIT] REPEAT)
13
=7
4
y=-3



So the center of the circle is:

April 4: Determine the equation of the sphere with center C(3, -5, -2)

and tangent to the plane

P(13
7 )

2x—y—32+11=0

4
7l

9

7

)
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Solution: We open the Menu Grdfico 3D. We define the plane and the line that passes through the point
C(3,-5,-2) and has the director vector the characteristic of the plane a = (2, —1, —3). Line perpendicular to
the plane. The intersection of the line and the plane gives us the point of tangency of the sphere and the

plane.

HathRadornd] [dic)fasb]

B
?raficn aD

L]

HP lano
2 ¥+ -1 ¥
+ -3 Z+ 11 =

82000 DELETE] TYPE J3DGMEM

[DRAW |

Whit the function G-Solv, find the intersection of the line

and the plane.

B HathRadormd) [dic]fash]

5

ik

]

o

E  MathRadForml [dic]fa+bl
1: Plano
2:Recta =

Z
¥=-1
Y=-3 -5
Z=4 =5

5

.E

o

INTERSEC

The point of tangency is T(-1,3,4). The radius of the sphere is the distance between the center and the point

of tangency:

The equation of the sphere is:

r=4(-4)2+22+6%2 =214

Ez(x—3P+{y+5Y+{z+2Y::@JFD2

We define the equation of the sphere and represent it graphically.
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B HathRadMormd) [dic]fasb] E] (dZc)asb]

(X-a)2+(Y-b)2+(Z-c)2=r2 @

a b c

I
C 3 -5 -2 IEEE]

7.483314774
[EACTOR)[EXPANDIEDIT ) [SET]

April 5: Determine the equation of the sphere of radius r=3, which
is tangent to the plane

X+2y+2z+3=0
on the point A(1,1,—3)

Solution: The center of the sphere lies on the line perpendicular to the plane at the point A(1, 1, -3). The
straight line has as director vector the characteristic of the plane, a = (1, 2, 2). Its parametric equation is:

x=14+a«a
r={y=1+2a
Z=-3+2a

Any point on the line r is:

P(1+a1+2a-3+20) AP=(a2a20)

The radius of the sphere is:

r=||AP|| =3 VoZ+4aZ+ 402 =3
Solving the equation: a = 1, —1. The problem has two solutions.
If « = 1. The center sphere 0,(2,3,—1). Your equation is:
C,=x—-2)2+F-3)2%+z+1)?=32
If « = —1. The center sphere 0,(0,—1, —5). Your equation is:
C,=x*+({y+1)2+(z+5)? = 32

[E] [MathRadMorml) [dic)[athi

We open the Menu Grafico 3D. We define the
plane x + 2y + 2z + 3 = 0 and the spheres

C,=x—-22+F-3)2+(@z+1)?=3?
C,=x*+(y+ 1)+ (z+5)? = 32
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April 6-13: A sphere has center on the line
_(2x+4y—z—-7=0
I‘:{4)<+5y+z—14=0
and is tangent to the planes
M=x+2y—-2z2—-2=0, Q=x+2y—2z+4=0.
Determine your equation.

Solution: We determine the parametric equation of the line r. We open the Menu Ecuacion

B Gaifdforn) Gl B enfadiem) @
Ecuacion an X+bn Y+Cn Z=dn
a b c d
1 2 a -1 7
Seleccionar tipo 2 4 5 1 14
Fl:Simultaneo 3 0 0 0
F%:Eoli?omio
:Resolver
SOLVE)HYE@ CLEARICEDIT)
B FathRadfoml [Gclah] The parametric equation of the line r is:
an X+bn Y""Cn Z=dn
Soluciones X =2 _3q
Infinitas _ )
13 r= —_9
X=5—-FZ y=zx
2 2
Y=Z Z=2a
=/ . . . .1 2 -2 -2
ﬁ The parametric equation of the line ris 1555 %
We open the Menu Grdfico 3D. We define the two planes and the line
B [HathRadforml [drc]fa+hl B [HathRadfornl [drc]fatbl
aX+bY+cZ+d=0 - aX+bY+cZ+d=0 -
a b c d a b c d
(R 2 -2 -2] C 1 2 -2 I
1 4
[EXPRESSIVECTORI(POINTS ) (EDIT [SET | [EXPRESSIVECTORI(POINTSJ(EDIT ) | SET |

Bl [MathlRad[orml [d/c](a*bi

B MathRadBormi [dic)fatb]
Punto de paso (¥o,Yo,Z0) N

Vector diraeccién [a,b,e] F X ¥
Xo Yo Zo
C 3.6 0 0l

a b c
C -3 2 I

2
XPRESS)(VECTOR](P&V (POINTS)EDIT JSET |

Whit the function G-Solv, determine the intersection of the line and each of the planes.
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E MathRadMormd) [dic]fa+b]
1: Plano 1

6 " ’:&J\ ¥ ﬁj\ ¥

Z
=2
§=11' 3 _EIHT ERSEC _EIHT ERSEC

= =
S,

[(Next [Back]

The coordinates of the intersection point of the plane Il = x + 2y — 2z — 2 = 0 and the straight

is: P(2,1,1)

, {Zx+4y—z—7=0

4x+5y+z—14=0
The coordinates of the intersection point of the plane Q = x + 2y — 2z + 4 = 0 and the straight

{Zx+4y—z—7=0

4x+5y+z—14 =05 UH>5)

r

The center of the sphere is the midpoint of the segment PQ. Its coordinates are: 0(—1, 3.3)
The radius is equal to the distance from the center O(—1,3.3) totheplanell=x +2y —2z—-2=0
-1+2-3-2-3-2|

r= =1

| 12+ 27+ (-2)?

The equation of the sphere is:
(x+ 12+ -3+ (=z—-3)?=1?
We define and represent the sphere:

B MathRad[orml [dic)a+bi

To calculate the intersection points of the line r and each of the planes, the systems formed by the line and
each of the planes can be solved: Let's open the Menu Ecuacidn:

El  MathRadormi) [dic]fa+b] B MathiRadBormi) [dic)fa*b]
an X+bn Y+Cn Z=dn an X+bn Y+Cn Z=dn
a b c d ¥

1 2 4 =1 7 ?[ 5

2 4 5] 1 14 z B

3 1 2 -2

2 -4

[SOLVE)NENRA[3([CLEARIEDIT ) [REPEAT]
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The coordinates of the intersection point of the plane 0 = x + 2y — 2z + 4 = 0 and the straight

_(2x+4y—-z2-7=0 _
:{4X+5y+z—14:O'S-Q(_4;5,5)

Abril 7-8: Determine the equation of the sphere that is tangent to
the planes

MM=6x—3y—2z—-35=0, Q=6x—-3y—-2z+63 =0,

knowing that the point M (5,-1,-1) is a point of tangency in one of
the planes.

2

Solution: The two planes are parallel since % = :—2 = :—2 #* ;—?’35'. Note that M(5,-1,-1) belongs to the plane

[1 = 6x — 3y — 2z — 35 = 0 since it satisfies your equation:

6:-5-3:-(-1)-2-(-1)-35=0
The diameter of the sphere is the distance from the point M(5,-1,-1) to the plane (A = 6x — 3y — 2z + 63 =
0

oy = 6:-5—-3-(-1)—-2-(-1)+63 — 14
V67 +(=3)” +(-2)?
So, the radius of the sphere is r=7. The center of the sphere is the midpoint of the segment formed by the
point M and the projection of M on the plane 2 = 6x — 3y — 2z + 63 = 0. We calculate the equation of the
line perpendicular to the plane 0 = 6x — 3y — 2z + 63 = 0 that passes through M that has the direction
vector the characteristic of the plan a=(6,-3,-2). Your equation is:

r=xyz) =(5-1-1)+a(6,—3,-2)

We open the Menu Grdfico 3D. We define and represent the two planes and the line.

E MathRadForni) [dic]fash] B HathRadForml [dic]fa+bi
aX+bY+cZ+d=0 i @» aX+bY+cZ+d=0 i @f
a b c d a b c d
C B -3 -2 IEER? C B -3 -2 IEGE:
-35 63
[EXPRESS|[VECTOR][POINTS || EDIT | m EXPRESS|[VECTOR|{POINTS ||_EDIT | m
B HathFadFomd) [dic)fet] [HathRadMorml) [d7c)(a+bi)
Punte de paso (¥o,Yo,Zo) %if : e
Vector direccién [a,b,c] 1 /1\
Xo Yo Lo X .
C B -1 -11]
a b

C 6 -3 IS 0
[FXPRESS)(VECTORI P&V )[POINTS)(EDIT I SET ]
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HathRadMorn]) (d7c]fasb]

?: Plano

To determine the intersection of the plane ) = 6x — 3y —
2z + 63 = 0 and the straight r = (x,y,z) = (5,—1,—-1) +
a(6,—3,—2) function G-Solv is used: ==7

The coordinates of the projection point are:
M'(-7,5,3)
The center of the sphere is the midpoint of the segment MM'. Its coordinates are:
0(-1,2,1)
The equation of the sphere is:
+1D2+ -2 +(@z—-1)*=72
We open the Menu Grdfico 3D. We define the equation of the sphere and represent it

Bl MathRadMorml [d/c](a+bi

B mnRibe) @ ,
{({-a)2+(V-b)2+(Z-c)2=r2 )\?
a b c X
C -1 2 1
7
[FACTOR| [EXPANDIEDIT | L SET |

April 9: Determine the equation of the plane tangent to the sphere
x2+y2+2z%2=49

on the point M (6, -3, -2)

88

Solution: The sphere has center point O(0, 0, 0) and radius r=7. The point M(6,-3,-2) belongs to the sphere
since 62 + (—3)2 + (—2)? = 49. The characteristic vector of the tangent plane to the sphere at point M is:

OM = (6,-3,-2)
The equation of the plane is:
6(x—6)—3(y+3)—2(z+2)=0
Simplifying:
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6x—3y—2z2—49=0

We open the Menu Grdfico 3D. We define the sphere and the plane and represent them:

B HathFadFomd) [dic)fet] B MathFadForm] [dic)a+E

(—-a)2+(¥Y-b)2+(Z-c)2=r2 aX+bY+cZ+d=0 @g

= E
a b c r a b c d
C 0 0 o K C B -3 -2 IR
7 -49

[FACTOR] | EDIT | L SET | [EXPRESS)(VECTOR](POINTS ) EDIT | SET |
B HatiRadornl [dic)lash] Form
Grafico 3D

1HEsfera [—]
(- 0 )2+(¥- 0 )z
+Z- 0 )= 7 2

ano
¥+ -3 ¥
-2 Z+ -49 =0

[DRAW |

April 11: Determine the equations of the planes tangent to the £l :
sphere :

(x—=32+@W+2)?2+(z-1)%*=25

parallel to the plane

4x +32-17=0 CIEL

Solution: The sphere has center O(3, -2, 1) and radius r = 5. The characteristic vector of the plane 4x + 3z —
17 =0is a = (4,0,3). The line perpendicular to the plane 4x + 3z — 17 = 0 that passes through the center of
the sphere has the direction of the characteristic vector of the plane:

xyz)=(3,-2,1) +a(4,0,3)
With the intersection of the line and the sphere we calculate the points of tangency:

{(x—3)2+(y+2)2+ (z—1)>=25
xv,z)=(3,-2,1) + a(4,0,3)

(40)% + 0% + (3a)% = 25
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Therefore,a =1,—1
If a. = 1, the point of tangency is T, (7, —2,4). The equation of the plane is:
m=4x—-7)+3(z—4)=0 m =4x+3z—40=0
If « = —1 the point of tangency is T, (=1, —2,—2). The equation of the plane is:
m, =4(x+1)+3(z+2)=0 m,=4x+3z+10=0

We open the Menu Grdfico 3D. We define the sphere and the two planes and represent them:

[E] (dic)fa#k] B Era
({-a)2+(Y-b)2+(Z-c)2=r2 aX+bY+cZ+d=0
= =
a b c r a b c d
C 3 -2 1 G C 4 0 3 EL
5 -40
[FACTOR|[EXPAND]|_EDIT | | SET | [EXPRESS] [POINTSJ|_EDIT | | SET |
[E] [drc]fatbl] [E] E [dlc] bl
aX+bV+cZ+d=0 @- Grafico 3D
& 2BP lano [—]
a b c d 4 X+ 0 v
C 4 0 3 I + 3 I+ -40 =0
10
J(VECTOR)(POINTS ) EDIT | SET | [EIEAl| DELETE [DRAW |
[HathRadMorml) (d7c)(atb] B Era

3 :
8 g X
'}J

April 12: Prove that the plane 2x - 6y + 3z — 49 = 0 is tangent to
the sphere

x? +y?+2%2 =49

Calculate the coordinates of the point of tangency.

Solution: The sphere x? + y2 + z2 = 49 has center 0(0,0,0) and radius r=7. The plane is tangent if the

distance from the center of the sphere to the plane is equal to the radius. The distance from the center
0(0,0,0) to the plane 2x — 6y + 3z — 49 = 0 is:
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d_|2-0—6-0+3-0—49|_7
22 4 (—6)2 + 32

Therefore, the plane is tangent to the sphere. To calculate the point of tangency we will calculate the
intersection of the plane 2x - 6y + 3z — 49 = 0 and the line perpendicular to the plane that passes through the
center of the sphere. The line passes through the point O(0, 0, 0) and has the direction of the characteristic
vector of the plane,

a=(2,-6,3)
Your equation is
r=(xyz) =(000)+a2,-63) vz =2a—-6a,3a)
Substituting the coordinates into the equation of the plane:
2-2a)—6(—6a)+3(Ba)—49=0
Solving the equation o« = 1. The point of tangency has coordinates P(2, —6, 3)

We open the Menu Grdfico 3D. We define and represent the sphere, the plane and the line.

B [HathlRadFomdl) [dic)fastl B HathRadForml [dic)fa+k
(X—-a)2+(¥Y-b)2+(Z-c)2=r2 aX+bY+cZ+d=0 @;

a b c a b c d
C 0 0 C 2 -8 3 R
7 -49
[FACTOR)[EXPANDI(EDIT ] [(SET] [SET]

B HathRsdMoonl) [dic)fatbl

r=rot+tv N
&
X 0 = 27
¥ 0 Y -6
z 0 z E -

3
[ERPRESS (VECTOR) P&V J[FONTS)FDIT I SET )
B MathRadformd [dic)a+bi

We determine with the function G-Solv, the intersection of the line and the plane:
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E MathRadMNormi) [(d7c]fatbi
2: Plano
=2
Y=-6
Z2=3

The point of tangency has coordinates P(2, —6, 3)

April 14: Find the equation of the circle passing through the points
A(3,-1,-2),B(1,1,-2) and C (-1, 3, 0)

Solution: We open the Menu Ejec-Mat: We define the vectors AB = (-2,2,0),AC = (-4,4,2)

Radform]) [d7c](avbl]

B Radform1) (dFe)fathl]

DELETEJDEL-ALL

Vector

Vet A :None
Vet B :None
Vet C :None
Vet D :None
Vet E :None
Vet F :None

B RadBornl) [dic]fathl

B 1 2 3

1C -4

_ROW_[COLUMN/EIA

+ -

A 1 2
1C -2 -l Of
0
= | ROW JCOLUMN/NEsThMl]
B MathRadMorml) [dic)fa+bl
CrossP(Vet A,Vet E)U]

l

2

Vet | DotP([CrossP(Angle(UnitV (II=E

The plane passing through A, B and C has equation:

Tapc =X+y+D=0

The point A(3, -1, -2) belongs to the plane. Then,3—1+D=0,D = -2

Magc = x+y—2=0

To determine the center of one of the spheres that pass through the points A,B,C we will determine the
mediating planes of the segments AB, AC and we will calculate the intersection of these two planes and the
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plane that passes through A,B,C. the middle point C, of the segment AB has coordinates: C;(2,0,—2) . The
characteristic vector of the mediating plane of the segment AB is AB = (—=2,2,0). Your equation is:

m=—-x+y+E=0
The point C;(2,0,—2) belongs to the plane, therefore:
—-24+0+E=0 E=2 my=—-=x+y+2=0
the middle Point B; of the segment AC has coordinates: B;(1,1,—1). The characteristic vector of the
mediating plane of the segment AC is AC = (—4, 4,2). Your equation is:
m, =-2x+2y+z+F=0

The point B; (1,1, —1) belongs to the plane, therefore —2+2—-1+4+F=0, F=1, m, = -2x+2y+z +
1 = 0. The center is the intersection of the three planes.

We open the Menu Ecuacidon: We solve the system:

x+y=2
{ —X+y=-2
—2x+2y+z=-1
B  HathlRadMormil [dc)a+b] B MathRadMornd [drc]fa+hl
an X+bn Y+Cn Z=dn an X+bn Y+Cn Z=dn
a b c d ¥
1 1 1 0 2 ‘E[ o
2 -1 1 0 -2 Z
3 -2 2 1
-1 2
[SOLVE |ARFIFCLEARI EDIT | [REPEAT]

The center coordinates are: O(2, 0, 3). The radius of the circle passing through points A, B and Cis:

r=,B-2)2+(-1-0)2+(-2-3)2=+27
The equation of the circle is equal to the intersection of the plane Tpgc = x +y — 2 = 0 and the sphere,
with center 0(2,0, 3) and radius r = v27

Xx+y=2
{(X—2)2+y2+(z—3)2=27

We open the Menu Grdfico 3D. We define and represent the equations of the plane Tipygc = x+y—2=0
and the sphere(x — 2)? + y% + (z — 3)? = 27

B HathlRadForml) [dic]fasb] E HathFadForml) [dic)fa+b
aX+b¥+cZ+d=0 @ (¥-a)2+(Y-b)2+(Z—c)2=r2 @
a b c d a b c r
C 1 1 o e C 2 0 3 ENEERND
-2 5.196152423
EXPRESSI[VECTOR][POINTS JLEDIT | [(SET ] [FACTOR][EXPAND][EDIT ] [(SET ]
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B MathRadformd [d7c)fa+bi

=

AL G LAY
UL

ALY LT

o
PO <YLY RN

|'l.|.'l.'l.'l.'l.'l.

(x-2F 47 H(=z-3) = (3V3)
xy=2 (2.0:3)

April 15-16: Determine the relative position of the line
Xx=2-2«a
r=qy=- 7 + 3a
z=-24+a«
and the sphere

1
EEx2+y2+z2+x—4y—3z+§:0
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Solution: Completing squares, the equation of the sphere is:
1)2 3\?
+-) +-2)%*+ ( - —) =6
(X 2) y=2)"+{z-3

The center of the sphere is the pointO (—%, 2,%), the radius is r = V6. Let us calculate the projection of the

center O on the liner. Let us consider the plane perpendicular to the line r passing through O (— %, 2,%) and
characteristic vector, the director of the line v = (=2, 3, 1). Your equation is:

E—Z(x+%)+3(y—2)+(z—g)=0

2
Simplifying:
17
I1=-2x+ 3y+z—7=0
We open the Menu Grdfico 3D. We define and represent the sphere, the line and the plane.
B HathlRadormd) [dic)@sb] B MathFadMornl) [dic)@+b]
(¥-a)2+(Y-b)2+(Z-c)2=r2 Punto de paso (¥o0,Y0,Z0) %{,ﬂ""
Vector direccién [a,b,c] F
a b c ¥o Yo Zo
L -0.B 2 1.5 PR C 2 -3.5 -2]
a b c
Co2 3 D
2.449489743 1
[FACTOR)[EXPANDI(EDIT ) [SET] EXPRESSI[VECTOR] [ P&V )(POINTS ][ EDIT )L SET ]

B MathRadForml) [dic](a+b]
Punto de paso (Xo,Yo,Z0) %i,-f

LT

Vector direccién [a,b,c]

%o Yo Zo
C 2 -3.56 -2]
a b

C
C -2 3 -
1
EXPRESS (VECTOR) P&V J[POINTS ) EDIT JLSET ]
[E] [MathRad[Norml] [d7c]fa*bi

Whit the function G-Solv, determine the intersection of the line and the plane (projection point)



B HathRadMormi) [dic)fashl]

2:

Recta

A=-1. 571

v=
Z=-

1.85671
0.214°5

Y

INTERSEC
-5

55

The projection point has coordinates P( -

center O and the projection P.

(d(OP)) (

7

11
7

[E EEEE&]LHH:&II L*i&lh_hu

[___”*2] [

[
JUMP JDELETEDMATVCT MATH

2]+

115

)

1

2

11 13 -3
14

2

) +
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). We calculate the square of the distance between the

(72 lud)

JUMP JDELETE

7
B Ed]lﬂmllzlﬂ-dh_b_u 5
_A1i. 1 -
(-1 +[ -2+ (>
107142357
[

So, the line cuts the sphere since (d(OP))2 <r’=6

April 18: Determine the equation of the sphere with center O(2, 3, -1)

that cuts the line

={5x—4y+32+20=0

3x—4y+z—-8=0

on a string of length equal to 16.

Solution: We open the Menu Ecuacion. We solve the system formed by the line to be determined in

parametric form:

HathRadMorml) [d7c)(atb]

Ecuacion

Seleccionar tipo
Fl1:Simultaneo
F2:Polinomio
F3:Resolver
SIMUL] POLY JSOLVER]

B HatRadMorm) [dic)fatb]

an X+bn Y+Cn Z=dn
a b

c

1 5 -4
2 3 -4
3 0 0

[SOLVE |IERII|CLEARI EDIT |

=
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B HatiRadForml) [dic)Rrt]
an X+bn Y+Cn Z=dn
Soluciones
Infinitas
X=—14-7
1

y=—22-=

2 2
ﬁ

The parametric equation of the line is:

Xx=—-14 -«
=) 251
y="772¢
Z=U

A point on the line s is A(—14,—275,0) and the director vector v = (—2,—1,2). We determine the

projection point of the center O on the line s. The plane that passes through 0(2,3,-1) and is perpendicular
x=-14—-«
to the line s = {y = —2?5 — %0( has characteristic vector the direction vector of the straight line s, v =
Z=q
(-2,-1,2)
The equation is
=-2x—-2)—-(y—-3)+2(z+1)=0
Simplifying:
[M=-2x—y+22+9=0

We open the Menu Grdfico 3D.

x=-14—-«a
We define and represent the lines = {y = —22—5 - %a and theplanell = -2x—y+ 22+ 9 = 0.
Z=
B HathRadbormd] [dicfatbi B HathRadornl] [dic]fa+bl
Punto de paseo (¥o,Yo,Zo) i aX+bY¥+cZ+d=0 -
Vector direccién [a,b,c] o u
Ho Yo Zo a b c d
L =-14 =-12.5 0] C -2 -1 z HE:?

a b

c
c -2 -1 P
2 9
[EXPRESS)(VECTOR)( P&V |(POINTS](EDIT [ SET ] EXPRESSIIVECTOR][POINTS JL EDIT | [SET]




B MathRadformi [d/c)fathi

Whit the function G-Soly, let's determine the point of intersection, midpoint of the chord.

B MathRadforml [dic)fa+hi
1: Recta .
2: Plano

-

X

X==-3
Y==T7 INTERSEC
Z=-11

The coordinates of the midpoint of the chord are: M(—3,—-7,—11)

We open the Menu Ejec-Mat. Let us calculate the distance from the center O to the Point M

d(0,M) = /(=3 —2)2+ (=7 — 3)2 + (=11 + 1)2
B  [HathRadMorml) [dic)fa+b]

J(=3-2)2+ (=7-3) 2+ (-11
15

l

JUMP JDELETE

Let r be the radius of the sphere. Applying the Pythagorean theorem: r? = 82 + 152

Bl HathRadMorml) [dic]fashl]

](_3_2)2+(_7_3)2+(_H%
J82+152

17
[
[CTOP_)[BOTTOM)[Pagelp)

The radius of the sphere is r=17. The equation of the sphere is:

(x—2)2+@W—-3+(@z+1)*=172
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We open the Menu Grdfico 3D. We define and represent the sphere.
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[ath)RadHorml) [d/c](a+bi]

B [HathRadMorml [d7c)a+b]
(¥—a)2+(V-b)2+(Z-c)2=r2 @
a b c r
Coo2 3 -1 D

17
[FACTORERPARDICEDIT) [SET

April _19-20: In the sphere of equationE = (x—1)? +
(v + 2)? + (x — 3)? = 25 determine the point M closest to
the plane Il = 3x — 4y + 19 = 0 and calculate the distance

from point M to this plane.

Solution: The sphere has as its center the Point O(1,—2,3) and radius r = 5. Let us see that the plane is
exterior to the sphere. Let's calculate the distance from the center O(1,—2,3) to the plane I[1 = 3x — 4y +

19=0

d(o,1) =

3-1-4-(—2)+0-3+19

So the plane is exterior to the sphere.

=6, dOIM)=6>r=5

We open the Menu Grdfico 3D. We define and represent the sphere and the plane.

B [HathlRadFomdl) [dic)fastl
(¥-a)2+(Y-b)2+(Z-c)2=r2 @
a b c r
(R -2 3 51
1
[FACTOR)[EXPAND](EDIT ) [SET]

B HatlRadforml) [dic)asb]

aX+bY+cZ+d=0

a b c - d
C 3 -4 o IEE:?
19
EXPRESSI|VECTOR|{POINTS J_EDIT | [CSET ]

MathRadHorm] [d/c](a+bil
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The line perpendicular to the plane I1 = 3x — 4y + 19 = 0 what goes through the center 0(1,—2,3) has
the characteristic director vector of the plane a = (3, —4,0). Your equation is:
r=&xyz)=01,-23)+a3,—4,0)

Any point on the line has coordinates:

M(1 + 3a,—2 — 4, 3)
Substituting the coordinates of the point in the equation of the plane:

(3a)? + (—4a)? = 25
Solving the equation:

a=1 -1

If a = 1, the point of intersection has coordinates M; (4,—6,3). If a = —1, the point of intersection has
coordinates M, (—2,2, 3)

Let us calculate the distance of the point M;(4,—6,3) tothe plane [l =3x—4y+19 =0
3-4—4-(—6)+0-3+19’ 11
V32 + (—4)% + 02
Let us calculate the distance of the point M,(—2,2,3) tothe planel1 =3x—4y+19 =0
3-(—2)—4-2+0-3+19‘=1
32+ (—4)2 + 02
The closest point to the plane I1 = 3x — 4y + 19 = 0is M,(—2,2,3)

d(Mll H) = ‘

d(MZI H) = ‘

April 21-22: Calculate the shortest distance from point A (1, -1, 3)
to the sphere

E=x?>+y?+z2-6x+4y—10z—62=0

At what point on the sphere is the shortest distance achieved?

Y TiE1s

Solution: Completing squares:
E=x-3)2+F+2)?+(z-5)2=62+9+4+25=102
The coordinates of the center of the sphere is O(3, -2, 5) and the radius R = 10
Let us study the relative position of the point A(1, -1, 3) with respect to the sphere.
1-32+(-1+2)?2*+B-52%?=9<10?2
The point A(1, -1, 3) is inside the sphere.

O0A=,(1-3)2+(-1+2)2+(3-5)2=3
The shortest distance is:
dpyn =R—0A=10-3=7

The longest distance is:



dpsx = R+ 0A =10+ 3 = 13,

0A = (-2,

The equation of the line passing through the points O and A is:

roa = xy,2) =(3,-2,5) +a(—2,1,-2)
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1,-2)

Any point on the line rg, = (x,y,z) = (3,—2,5) + a(—2,1,—2) has coordinates:

P(3—-2a,—-2+0a,5—-2a)

Let us determine the intersection of the line and the sphere. We substitute the coordinates of the point
P(3 —2a,—2 + o, 5 — 2a) in the equation of the sphere:

Solving the equation:

10
Ifa=—
3

R (Z4), wR= (o) e )+ (3-2)

3 °3

-17 7 11

P (=

3

(=20)% + a? + (—2a)? = 100

'5'?) is the closest point of A.

7

5), w= (B G ) e G -

If a = _
3
P, (Ql‘_lf’fs
3’7373
- 5\ . .
P, (?, %, 3?) is the furthest point from A.

We open the Menu Grdfico 3D. We define and represent the sphere and the line

B [HathlRadFomdl) [dic)fastl
(¥-a)2+(Y-b)2+(Z-c)2=r2 @
a b c r
C 3 -2 Ll 10M
10
[FACTOR)[EXPAND](EDIT ) [SET]

B HatlRadforml) [dic)asb]

Punte de paso (¥o,Yo,Zo)
Vector direccién [a,b,c]

T

Xo Yo Zo

C 1 -1 3]
a b c

C -2 i -2M

-2
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April 23: Determine the equation of the sphere passing through the
points A(3, 1, -3); B(-2, 4, 1); C(-5, 0, 0) and has center in the plane

N=2x+y-z+3=0

Solution: Let's calculate the components of the vectors E,A_(f

AB = (-5,3,4), AC = (-8,—1,3)

Vectors are linearly independent since the components are not proportional.

—5¢ 3
-8 -1

Let's calculate the midpoints of the segments AB, AC

The midpoint of the segment ABis D G,g, —1)

The midpoint of the segment ACis E (—1,%,_—3)

2

The median plane of the segment AB has equation:

m=-5(x—-2)+3(y-3)+4@+D=0, I

The median plane of the segment AC has equation:

5x+3y+4z=1

H25—8&+4)—(y—%)+3@+5):0,Ibz—ﬁx—y+32=3

The center of the sphere is equal to the intersection point of the three planes.

We open the Menu Ecuacion:
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[HathRadMorm) [(d7c)avbi] B MathRadMorml) [d7c)fa+bl
Ecuacion an X+bn Y+Cn Z=dn
a b c d

1 -5 3 a 1
Seleccionar tipo 2[ -8 -1 3 3
Fl1:Simultaneo 3 2 1 -1
F2:Polinomio
F3:Resolver -3

B HatRadNormi) [dic]fashl]

an X+bn Y+Cn Z=dn

=

[REPEAT]

The center of the sphere is the point O(1, -2, 3). The radius of the sphere is:



Page 23 of 28

r=0A=(3-1)2+(1+2)2+(-3-3)2=7
The radius of the sphere is r = 7. The equation of the sphereis (x — 1)? + (y + 2)? + (z — 3)? = 72
We open the Menu Grdfico 3D. We define and represent the sphere.

Bl [MathRadMorml [d/c](a+bi

B HathRadForml) [dic)fa+b]
(—a)2+(V-b)2+(Z-c)2=r2

i x
a b [
C 1 -2
[FACTOR| [EXPANDIEDIT | L SET |

April 25-26: Let be the spheres of equations

E, = x% +y? + 2% = 25, 19 =
E, =x*+y?+z%—-10x+ 15y —252=0

Prove that the two spheres are secant.

Z
Determine the plane that contains the intersection of the
two spheres. -15
-15
Find the center and radius of the intersecting circle. -15 v
15 15

Solution: The sphere E; = x? + y? + z% = 25 has center 0,(0, 0, 0) and radius R; = 5. Completing squares
on the sphere E, = x? + y? + 22 — 10x + 15y — 252 =0

52+< +15)2+< 25)2
(x—5) yt+- z--
15 25

272

=V38
4 * 4

225 625_(5 )2
2

The center of the sphereis O, (5, — ) andradiusR, = §v38. We open the Menu Grdfico 3D. We define

and represent the two spheres.

B HathlRadormd) [dic)@sb] B MathFadMornl) [dic)@+b]
(X-a)2+(Y-b)2+(Z-c)2=r2 i (X-a)2+(Y-b)2+(Z-c)2=r2

a b c
C B -7.5 12.5 RSN

S 15.41103501
[EACTOR)[EXPANDIEDIT ) CSET ] (FACTOR|EXPANDI{ EDIT | [CSET ]
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B MathRadformd [d7c)fa+bi

g =t
~13 Y 15Z

-t

Let us see analytically that the two spheres are secant. Let us calculate the distance between the two centers.

The sum of the radii is:
Ry +R; =5+2v38>0,0,

The difference of the radii is:

5 _
R, — R, =§\/38 -5>0,0,
So the two spheres are secant.

The intersection plane of the two spheres is the plane formed by the difference of the equations of the two
spheres:

[1=10x— 15y + 25z = 25
Simplifying:
N=2x—-3y+5z—-5=0

Let us represent the plane.

B MathRadForml [d7c](a*bi]

B HathRsdfornl [dic)iasb]

aX+bY+cZ+d=0 -
L&
d

C 2 -3 5 IS

[EXPRESS)(VECTOR)(POINTSJ(EDIT [ SET |

Y 15 15

The center of the intersection circle of the two spheres is the projection of the center 0,(0,0,0) on the
plane Il = 2x — 3y + 5z — 5 = 0. The straight line r perpendicular to the plane that passes through
04(0,0,0) has the characteristic direction vector of the plane a=(2, -3, 5) and its equation is:

r=(xyz) =a(2,-3,5)
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We substitute the coordinates of any point on the line r, (2a, —3a, 5a) in the equation of the plane:
22a) —3(—=3a) +5(5a) —5=0

Solving the equation:

The intersection of the plane and the line is:

(G=5%), 00=dOum =5 =7

Consider the right triangle formed by the legs 0,0, O and a point of the circumference and hypotenuse
R; = 5. Let R be the radius of the circle. Applying the Pythagorean theorem:

2 _ p2 5)? —c. |37 o
52 = R +(m) R=5 &“’493

April 27: Prove that the point T(1, 0, 1) belongs to the plane
mM=x—2y+2z=3.

Determine the equation of the sphere that passes through the
point P(1, 0, 5) and is tangent at T to the plane .

Solution: We substitute the point T(1,0,1) in the equation of the plane m = x — 2y + 2z = 3 and let's see
that it becomes an equality:

1-2-04+2-1=3

The center belongs to the line r perpendicular to the plane passing through the point T(1, 0, 1). The direction
vector of the line r is the characteristic of the plane m, a = (1,2, 2)

r=(xyz=(01,01)+u1,-2,2)
The center of the sphere has coordinates:
O(l+w -2 1+ 2p)
The center fulfills d(0, T) = d(0, P) = R, sphere radius.
d(0,T) = /(=2 + 2W? + (-2p)? = 3/u?
d(0,P) = /(=2 + 2% + (4 — 21)% = /92 — 16p + 16

312 = /9% — 16p + 16

We open the Menu Ejec-Mat: We solve the equation:
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[HathlRadForm1]
SolveN(3{x? =J9x2—16{1i

O

T
}

The solution is:
p=1
The center of the sphere is O(2, -2, 3). The radius is R = 3-1 = 3. The equation of the sphere is:
x=2) 4+ ({y+1)2*+ (z—3)% =32

We open the Menu Grdfico 3D. We define and represent the plane ™ = x — 2y + 2z = 3, the line r =
x,v,z) =(1,0,1) + u(1,—2,2) and the sphere (x — 2)? + (y + 1)* + (z — 3)* = 32

B MathFadMornl) [dic)(a+b] B MathlFadorml [d7c)fa+b]
aX+bY+cZ+d=0 Punto de paso (¥o,Yo,Z0)
?$ Vector direccién [a,b,c] }X
a b c d Xo Yo Zo
C 1 -2 2 EE C 1 0 1]
a b c
C 1 -2 D
-3 2
EXPRESSI[VECTORI{POINTS || EDIT | [CSET) EXPRESSIVECTORI( P&V J[FOINTS)(EDIT J(SET

[Hath)Bad|Horm1] Z
(¥-a)2+(Y-b)2+(Z-c)2=r2 J\
X Y
a b c
C 2 -2
FETRIEPHDEDT)

April 28: Determine the equation of the plane tangent to the
sphere

x—-3)2+(@y-1%+(2z+2)?*=24
pass through the point M( -1, 3, 0)
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Solution: The sphere (x —3)2 + (y — 1)? + (z + 2)? = 24 have centre 0(3,1,—2) and radius r = /24.
The point M( -1, 3, 0) belongs to the sphere since (—1 — 3)? + (3 — 1)? + (0 + 2)? = 24. The tangent plane
to the sphere passes through the point M( -1, 3, 0) and has characteristic vector

OM = (—4,2,2)
The equation of the plane is:
—4(x+1)+2(y—-3)+2(z-0)=0
Simplifying:
—2x+y+z—-5=0

We open the Menu Grdfico 3D: We define and represent the sphere and the plane.

B [HathRadMorml [dic]fahi Bl MathRadHorml] [dFe]fa+hi
(¥-a)2+(Y-b)2+(Z-c)2=r2 @ aX+bY+cZ+d=0 @
a b [ r a b [ d
C 3 1 -2 'EEERD C -2 1 i -5
4,898979486 -5
[FACTOR][EXPANDI[EDIT ] [ SET | [EXPRESSI|YECTOR][POINTS | EDIT | [ SET |

B MathRadorml [dic)a+bi

April 29-30: Let the sphere
x?+y?+2z2—-6x—4y+8z+20=0

Calculate the sphere of equal radius, exterior tangent at the
point A(1, 4, -3) of the sphere. Calculate the sphere of equal
radius, exterior tangent at the point diametrically opposite
point A of the sphere.

Solution: Completing squares:
E=(x—-3)2+{ -2+ (z+4)* =32

Sphere E has center O( 3, 2, -4) and radius r = 3. Note that point A( 1, 4, -3) belongs to sphere E since it
satisfies its equation:

E=(1-3)2+(4—-2)2+(-3+4)>=32



The centre O, of the tangent sphere at the Point A(1, 4, —3) satisfy: 0A = A—Ol)

(-2,2,1)=(x—-2,y—4,z+3)
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Solving the equation: 0,(—1, 6, —2). The equation of the sphere of radius 3, tangent at A to sphere E has

equation:

E,=x+1)2+(—-6)2%2+(z+2)?=3?

The Point A’ diametrically opposite point A, satisfies: AOQ = O—A;

2,-2,-1)=(x—-3,y—2,z+4)

Solving the equation: A’(5, 0, —5).

The centre 0, of the tangent sphere at the point A'(5, 0, —5) satisfy:

0,0 =00, (4,—4,-2)=(x—3,y—2,2+4)

Solving the equation: 0,(7,—2,—6)

The equation of the sphere of radius 3 tangent at A' to the sphere E has equation:

We open the Menu Grdfico 3D. We define and represent the three spheres.

B MathRadformi) [dic]fa+bi B MathRadformi] [dic]ashi
(X-a)2+(V-b)2+(Z-c)2=r2 @ (X-a)2+(V-b)2+(Z-c)2=r2 @
a b c r a b c r
C 3 2 -4 E: C -1 6 -2 HE:
3 3
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[E] [Hath)RadMorml [dic](at+bi
E MathRadNormi) [dic]fashi =
(¥—-a)2+(V-b)2+(Z-c)2=r2 @ g\?
a b c r
C 7 -2 -5 E:
3
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