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SOLUTIONS JULY 2022
PROBLEMS NOT TO LOSE “THE TOUCH”. AUTHOR: RICARD PEIRO i ESTRUCH. IES “Abatos”. Valencia
15
July 1-2: Through the points of intersection of the line
x=-5+3t
r=qy=-11+5t
Zz=9—-14t

and from the sphere of equation:

E=x+2)?2+FG-1?+(z+5)* =49

tangent planes have been drawn. Determine your equations

Solution: The centre of the sphere is O (-2, 1, -5) and the radius R = 7. We determine the intersection points

of the line and the sphere. Any point on the line

x=-5+3t
r=jy=-11+5t
z=9—4t

is P(5+3t, -11+5t, 9-4t). We substitute its coordinates in the equation of the sphere:
(=3+3t)2 4+ (—12+5t)2 + (14 — 41)?> = 49
Simplifying:
t?—5t+6 =0
Solving the equation: t = 2, 3. The coordinates of the intersection points are:
P,(1,-1,1), P,(4,4,—-3)
The characteristic vector of the tangent plane to the sphere at the point P, (1,—1,1) is:
OP = (3,-2,6)
The equation of the plane is:
m=3x—1)-2(y+1)+6(z—-1)=0
Simplifying:
M =3x—2y+6z2—11=0
The characteristic vector of the tangent plane to the sphere at the point P,(4,4,—3) is:
0P, = (6,3,2)
The equation of the plane is:
m,=6x—4)+3(y—-4)+2(z+3)=0
Simplifying:
M, =6x+3y+22—30=0

We open the Menu Grdfico 3D. We define the equations of the sphere, the line and the plane m; = 3x — 2y +

6z—11=0
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July 4-5: Let ABCDEF be the regular hexagon with centre O and side c. From
points B and D as centres and with radius ¢ two arcs of circumference are

~—

drawn. From point C as centre is draw the arc AGE .

Determine the area of the shaded area.

Solution: We will have:

AE = /3¢

The area of one of the large lunules is equal to the area of the

60° sector and radius+/3c minus the area of two 60° circular
sectors of radius c:

Sshaded = %TE(\/gc)z - 2[% TECZJ = gcz i




Pagina3de 14

July 6-13: Square ABCD is inscribed in a circle of radius 30. The chord AM
measure 50 and cut the diagonal BD at point P.
Determine the length of the segment AP .

M
Solution 1: Applying the power of point P with respect to the circumference:
AP.MP =DP-BP. AP .(30-AP)=DP-(60-DP).  AP.(30-AP)=-DP’ +60DP
Applying the Pythagorean theorem to the right triangle AéD :
AD = 3042

A
Applying the law of cosines to the triangle ADP :
- (s0v2f +DP’ —2(30\/5)33%. AP’ =(30v2f +DP’ - 60DP
Adding the expressions (1) and (2):

_ - 2 _ _
AP-(SO—AP)+AP =1800. 30AP =1800. AP =36.
Solution 2: We will have:

OA =30, AC =60

(1)

(2)

A A
Let O be the centre of the square. Right triangles APO, ACM are similar. Applying Thales' theorem:

B oA R _:
AC AM 60 50°

Solving the equation:

AP =36

July 7: Let them be two equal cubes joined by a common face '

ABCDV and the sum of the volumes of the two cubes.

(see figure). Ik
Determine the ratio between the volume of the pyramid }

V

Solution: Let CD = a, be the edge of the two cubes. The sum of the volumes of the two cubes is:

VZC = 233
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The rectangle ABCD is the base of the pyramid ABCDV.
VC = aV3,CD = a,VD = a2

A
Applying the inverse Pythagorean theorem, the triangle VDC it is rectangle 2£VDC = 90°
VD = aVv2,AD = aV2,VA = 2a

A S
Applying the inverse Pythagorean theorem, the triangle VDA is right ZVDA = 90°. So, VD is perpendicular to
the base, height of the pyramid. The volume of the pyramid is:

VABCDV=§DA' C-VD §a\/§-a-a\/§=§a3

The ratio between the volumes is:

Vagcpv
Vs, 2a3

% F
E
- == 15 10
July 8: In the figure, calculate the measure of the segment EF. »
20
Solution: Be I% =20, PE =15, (ﬁ = @ =10. The triangle F

A -
QEF is isosceles. Let M be the midpoint of the segment EF.
ZEMQ =90°. Be Q_I\/I =Y. Applying the Pythagorean theorem

A
to the right triangle PMQ :

2
202 = y? +(15+§j .

A
Applying the Pythagorean theorem to the right triangle EMQ :

2
102 =y2 4+ 2] .
g (zj

Solving the system formed by the two expressions:

X=5.
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Julio 9-16: In a regular hexagon ABCDEF the regular hexagon GHIJKL has

been inscribed such that AG = %ﬁ

Calculate the ratio between the areas of the two hexagons.

Solution: Let AB =c be the side of hexagon ABCDEF.

AG=1c AL=2c.
3 3

A
Z/FAG =120°, interior angle of the regular hexagon. Applying the law of cosines to the triangle LAG :

2 2
52: lc + EC _ZEE __1 :ZCZ_
3 3 3 32 9

The ratio of the areas of two regular hexagons is equal to the square of the ratio of the sides.

—\2
M:(ﬁJ _7
SABCDEF AB 9
Generalization: In a regular hexagon ABCDEF the regular hexagon GHIJKL has been inscribed such that

AG =k - AB. Calculate the ratio between the areas of the two hexagons.

Solution:

Sk — K2 _Kk+1.

SABCDEF

July 11: Find the equation of the sphere passing through the points
A(1,-2,-1),B(-5,10,—1),C(4,1,11),D(-8,-2,2)

Solution 1: Let us see that the four points are not coplanar. We open the Menu Exec-Mate. We see that the
determinant of the matrix

1 -2 -1 1
4 1 11 1
-8 -2 2 1

is different from zero.
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Let's calculate the midpoints of the segments AB, AC, AD
The midpoint of the segment AB is E(—-2,4,-1)

The midpoint of the segment ACis F (2,—71' 5)

The midpoint of the segment AD is G (_77, —2,%)

We calculate the components of the vectors E, TC, AD

AB = (—6,—12,0)

AC = (3,3,12)
AD = (-9,0,3)

The median plane of the segment AB have equation:
M =x+2)+2(y—4)=0
[, =x+2y=6
The median plane of the segment AC have equation:
I, = (x—E) +(y+1) +4(z—5)
2 2
IILb=x+y+4z =22

The median plane of the segment AD have equation:

I, = 3(+7)+( 1)—0
3 = xt+3 z—5)=

[I; =-3x+z=11
The center of the sphere is equal to the intersection point of the three
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The center of the sphere is the point O(-2, 4, 5). The radius of the
sphere is:

r=0A=,(1+2)2+(-2-4)2+(-1-75)2

=0

planes. We open the Menu Ecuacion:
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Solution 2: The general equation of the sphere is:
x2+y?+z24+Ax+By+Cz+D=0

We substitute the coordinates of the four points in the general equation and solve the system formed by the
4 equations with the unknowns A, B, C, D. We open the Menu Ecuacion:

B EotiRedforn) (dclod) 8 Gnkdtn] [@E
Ecuacion Simultaneo
Datos en memoria
Seleccionar tipo Incégnitas:3
Fl1:Simultéaneo
E%:Eoli?omio N incognitas?
:Resolver isNumero incognitas?
SIMULJ POLY JSOLVER] 2 | 3 ] 4 /5 ] 6 J
E HathRadForml) [dic)fa+ki E MathFadForml) [dic)a+b
an X+bn Y+Cn Z+dn T=en an X+bn Y+Cn Z4+dn T=en
a b c d =+ ¥
i 1 -2 -1 1 Y -8
2 -6 10 -1 1 z =10
3 4 1 11 1 T -36
4 -8 -2 2 1
1 4
[SOLVE)ENER CLEARI EDIT ] [REPEAT]
The solution is:
A=4
B=-8
C=-10
D=-36

The general equation of the sphere is:
x2+y2+2z2+4x—8y—10z+36=0
completing squares:
x+2)24+F—-4)*+(2—-5?%=36+22+4*+5% (x+2)2+{Fy—-4)*+(@z—-5)?*=92

The center of the sphere is the point O(-2, 4, 5) and the radiusr = 9

July 12: The figure is formed by a cube of edge a and two regular
qguadrangular pyramids of height a.

Determine the area and volume of the figure.

Solution: The volume is equal to the volume of the cube with edge a and of two square-based pyramids with
edge a and height a.
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1 5

— .3 2(_ 2. )=_ 3
V=2a+ 3a a 3a

The apothem x of a face of the pyramids is the hypotenuse of a right triangle with legs 1/2 a and a. Applying
the Pythagorean theorem:

5
x-za

The area of the figure is equal to the sum of 4 squares with side a and 8 triangles with base a and height
V5
apothem x = - a
1 5
S=4-a2+8-<§a-7a> = (4 + 2V5)a?

K

July 14-15: Two edges that are created from a cube extend.
In each extension a segment of a unit is taken.

Where do the segments have to be located so that the volume
of the tetrahedron formed by the 4 ends of the segment is
maximum?.

Solution: Let ABCDA'B'C'D be the cube with edge AB =a with
the following Cartesian coordinates:

A(0, 0,0), B(0,a,0), C(a,a0), D(a 0,0), A'(0,0,a),
B'(0,a,a), C'(a,a,a), D'(a,0,a)
We can assume without losing generality that C is a vertex of

the tetrahedron. Be K(a,a+1,0), L(x,a,a), M(x+1 a,a). We
calculate the volume of the CKLM tetrahedron:

—  —  —

1 1
Ve =g‘[0|< CL CM|. Vo =%

The volume does not depend on the position of the two segments.
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July 18-25: On one side of a regular hexagon of side c a square has }
been drawn (see figure). [
/)

Calculate the area of the intersection of the circles circumscribed to Jf/f

the two regular polygons.

Solution: The area is equal to the sum of the areas of two circular segments, one of radius c and angle 60° and

one of radius 720 and angle 90°.

2
1 5, 3 ,) |1 (2 1 ,| 7n-6J3-6,
S= ETEC —TC + ZTC —0C ——C =—C".

24

July 19-20: Given the spheres
E,=2x?+2y?+2z2+3x—2y+z—5=0,
E,=x*+y?+2z2—x+3y—2z+1=0

Determine the relative position of the two spheres.

If they are intersecting, determine the plane where they intersect.

Determine the center and radius of the intersection circle of the two
spheres.

Solution: completing squares:

E_<+3)2+< 1)2+<+1>2_5+3+1+1_54
1=\X"y 2 2T4) T2716 7216 16

31

The center has coordinates, 04 (_Z’E’ — i) and the radiusisR; = %\/3

E—< 1>2+( +3>2+( 1)?* = N
2=\"7z) TVUTg) T TRy T

The center has coordinates, O, (% - %, 1) and the radius isR; = %\/10
0,0, = (5 2 5)
1vY2 — 41 ) 4
The distance between the centers is:

V114 V114 3v6 + 2410
oloZ:Tolo2 =—<R1+R2=f
V114 3v6 — 210
0,0, =——>|R; —Ry| =——F——

4 4
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So the two spheres are secant.
Let's calculate E; — 2 - E, which gives us the intersection plane of the two spheres.
E,—2-E,=5x—8y+5z—-7=0

We open the Menu Grdfico 3D. We define and represent the two spheres and the intersection plane.
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We define and represent the line that passes through the centers O, (— %,%, —1), 0, (%, — g, 1)
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The center of the intersection circle is calculated by making the intersection of the line and the plane. With

the G-Solv function, we determine the intersection:

B HathRadormD) [(d7c)fasbl

1: Recta
/-/ ]
5 g{l\.f
L
¥==0.048
¥=-0.822_ INTERSEC
Z=0. 451'?5

Let's calculate

_ —-11 3\* /=71 1\* /103 1
°1°=j(m+z) +(m+2) * (@3
8V114
~ 57

2

Let R be the radius of the intersection circle of the
two spheres. To calculate the radius R we will apply
the Pythagorean theorem to the right triangle of

legs, R, 0,0 = \/7— and hypotenuse R; = %\/E
2
3 — R2 8Vil4 . p2 _ 515
(4\/6) =R +( 57 ) ; RT =700
The radius of the circleis R = 513
456

July 21-28: Be the sphere

x2+y?+z2+6y—4z+9=0

Determine the equation of the sphere concentric with it that is tangent to

the plane

2x—3y+2z+4=0

The center of the circle is:

<—11 —-71 103
2281147228

)

6 GoEitn] G0
-71 1)2
J 223 4 +[114‘§ “{
8J114
57
[]
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0
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Solution: Completing squares on the sphere x> + y2 + z2 + 6y —4z+9 =0
X2+ (y+3)2+(z—2)2 =22
The center of the sphere is the point O(0, -3, 2) and the radius r = 2
The radius of the concentric sphere tangent to the plane [1 = 2x —3y+2z+4=0is
2:0-3-(=3)+2-2+4|
J2Z+(=32+22 |

R=d(0,I); R=d(0,1) = V17

The equation of the sphere is:
X2+ (y+3)2+ (z—2) =17

We open the Menu Grdfico 3D. We define and represent the two spheres and the plane

B HathRadForml) [dFe)fasb] B HathRadFormd) [dVc]favbi B HathRadforn] [drc)fasb]
(X—a)2+(V-b)2+(Z-c)2=r2 E@, (X-a)2+(Y-b)2+(Z-c)2=r2 C@, aX+bY+cZ+d=0 @;
a b c r a b c r a b c d
[ -3 2 2] C -3 2 4.1231) [ -3 4 4]
0 0 2
[FACTOR] EXPAND]( EDIT ) _SET | (FACTOR][EXPANDI(EDIT ) LSET | ESS||IVECTOR][POINTS J{ EDIT | _SET |
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July 22: Let them be two equal cubes joined by a common face ' A‘\v
(see figure). ."’
Determine the ratio between the volume of the pyramid 2
ABCDV and the sum of the volumes of the two cubes. v '

A

Solution: Let CD = a, be the edge of the two cubes. The sum of the volumes of the two cubes is:
VZC = 233
The rectangle ABCD is the base of the pyramid ABCDV.

VC = aV3,CD = a,VD = a2

A
Applying the inverse Pythagorean theorem, the triangle VDC is right £VDC = 90°
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VD = av2, AD = aV2, VA = 2a

A —
Applying the inverse Pythagorean theorem, the triangle VDA is right ZVDA = 90°. So, VD is perpendicular to
the base, and is the height of the pyramid. The volume of the pyramid is:

1 1 2
VABCDV=§DA‘ C- D=§a 2-a.a\/§=§a3

The ratio between the volumes is:

A - -
July 23: In the figure, ABC it is a right triangle £ C=90°, AD =BD E
and DE L AB.

If AC =12 and AB = 20, calculate the area of quadrilateral ADEC.

Solution: We have:

AD =BD =10.

A
Applying the Pythagorean theorem to the right triangle ABC :

BC =16.

A A
Right triangles ABC , EBD are similar. Applying Thales' theorem:

DE 12 tien DE=2 BE_20 o BE-2. CE-BC-BE-16-2-'.
10 16 2 10 16 2 2 2

A A
The area of quadrilateral ADEC is equal to the sum of the areas of the right triangles ADE and ACE :

1 15 1 7 117
S --.10-—24+=-.12. - ===" _585,
ADEC 5 2 2 2 2

July 26-27: A square has been divided in two by the diagonal.

In the lower part a square of area 2016 cm? has been inscribed and in the
upper part two identical small squares have been inscribed.

What is the area of each of the two small squares?. 2016 cm?
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Solution:

Siror = %SAKLN =1008 cm?.

July 29-30: On two consecutive sides of a regular hexagon, two squares have
been drawn towards the interior of the hexagon.

Determine the ratio between the area of the intersection of the two squares
and the area of the regular hexagon.

D
Solution: Let ABCDEF be the regular hexagon of side 1.
DG=AB =1 E
Let DGHI be the intersection of the two squares.
/EDG= /EDC- ZGDC =120°-90°=30°. /GDI=/EDC-2/EDG=60°.
AGDH=%ZGDI:30° @—ioe—‘g F
The area of the intersection of the two squares is: A

SDGHI =GH-D

w|§|

The area of the regular hexagon is:

2

V3 ,)_3V3
SABCDEFZGT:L =5

The ratio between the two areas is:

SDGHI

©O©IN

SABCDEF

NES



